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‘We numerically study the coalescence dynamics of two sessile droplets with radii Ro. The droplets
are placed on top of a rigid substrate with a contact angle of 8.4, = 7/9. Having a highly wettable
substrate (f., < 7/2) theory predicts that the bridge height (ho) scales according to ho(t) ~ t2/3.
This behavior can be altered with e.g. surface tension gradients (9,7 # 0). These gradients appear
for example with heat transfer, surfactants or having different but miscible liquids. Instead of
coalescence, these gradients can lead to a stable two droplet state. In this work, we focus on two
aspects of this problem. The first one is the concrete choice of the surface tension, therefore making
it spatially correlated. The second one is the reduction of scale towards a regime in which the
disjoining pressure becomes important. We find that coalescence can be suppressed, given that
there is a sharp gradient in surface tension. If this gradient is smeared, we find an intermediate
agreement with the 2/3 power-law. In the limit of large smearing width, we observe an asymmetric

coalescence.

I. INTRODUCTION

Liquid droplets are an ubiquitous phenomenon which
has raised scientific curiosity for decades. Among sprays,
sliding drops or sessile drops, there is a vast zoo of dif-
ferent hydrodynamic problems. The coalescence of lig-
uid droplets or the lack of it is one of these problems.
Both scenarios can be observed in many instances of our
everyday life and in various industrial processes. Coa-
lescence of sessile droplets happens, for example, when
vapor condenses. During this process, small droplets nu-
cleate randomly and quickly assemble in larger drops,
either naturally [1] or due to artificial factors such as sur-
face structure or patterning [2]. This effect can effectively
be used in so-called fog harvesting devices, where ambi-
ent water vapor is condensed and collected in structures
which promote droplet coarsening [3, 4]. Apart from fog
harvesting, coalescence or rather the control of it plays an
important part in inkjet printing and printable electron-
ics [5—8], but also in various microfluidic devices for mix-
ing purposes at low Reynolds numbers (Re < 1) [9, 10].

On the other hand, there are many applications that
require droplets not to coalesce. In hot summer days, a
fine water spray can help the body to cool down. Single,
small droplets advect heat from the body and transfer it
into the surrounding fluid (air) [11]. Apart from cooling,
emulsions are an illustrative example of systems where
droplets should not coalesce. Mayonnaise is an emul-
sion that is created by vigorously stirring an oil, egg yolk
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mixture. The stirring breaks up the oil phase in small
dispersed droplets. Proteins and additives like mustard
stabilize this state and keep the oil droplets from coalesc-
ing, which has a significant effect on the rheology of this
mixture [12, 13].

More generally, droplet coalescence has attracted much
attention in the past two decades, see refs. [14-18]. The
driving forces during coalescence are, the minimization
of surface area and the minimization of interfacial cur-
vature. These arguments hold true for scenarios beyond
simple Newtonian liquids, in fact they are applicable to
liquid lens coalescence [19] or coalescence of quasi 2D lig-
uids [20, 21]. What is common to the above-mentioned
examples is the equilibrium state, which is one where
the two droplets have coalesced. This is of course in
agreement with a minimized surface area and minimal
curvature.

However, this reasoning doesn’t always apply. Re-
cently, Kern et al. have shown that viscoplastic effects
can arrest the coalescence, yielding a stable twin drop
states [22]. What has been known for some time, how-
ever, is that a surface tension gradient influences drop
coalescence, as demonstrated by Riegler and Lazar and
later Karpitschka et al. [23-26]. They performed ex-
periments with two drops from different but miscible
liquids, therefore having a sharp surface tension gradi-
ent from one drop to the other. Bocia and Bestehorn
showed non-coalescence of droplets with numerical simu-
lations [27, 28]. The clean formulation and derivation was
later done by Karpitschka et al. [23], as they identify an
effective Marangoni flow that stabilizes the two droplet
system. We revisit that problem with numerical simula-
tions using a lattice Boltzmann method that is based on
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the thin film equation [29]. First, we move to the regime
where the droplets become tiny and the disjoining pres-
sure can no longer be neglected. Second, we address the
impact of the surface tension beyond the reduction to its
absolute contrast. We ask the straightforward question,
if the concrete function of v(z) can turn non-coalescing
states into coalescing ones. Within this framework, we
discuss the growth law of the liquid bridge and the influ-
ence of the disjoining pressure on coalescence.

This paper is organized as follows: Starting in the
next section, Sec. II, we discuss the underlying theoret-
ical model. Introducing the thin film equation with an
effective Marangoni contribution. For the thin film pres-
sure, we include a disjoining pressure functional TI(h),
which consists of thickness dependent power-law and a
wettability component. In Sec. III we discuss the numer-
ical method we use to solve the thin film equation. We
show how to construct an additional term to account for
the flow due to the Marangoni effect, and introduce the
three functions we use for the spatially resolved surface
tension y(x). The results are presented and discussed in
Sec. IV. Showing, first, the evolution of the bridge for the
various choice of v(z). Knowing how the bridge evolves,
we associate this data with three different scenarios. Re-
vealing that for small scales, the disjoining pressure can
not be neglected. Finally, we supply a brief summary
with conclusion and future research in Sec. V.

II. THEORY

The theoretical approach we use to study this system
is the lubrication approximation [30-32]. Applying this
approximation to the Navier-Stokes equation yields the
thin film equation, which for a singular horizontal dimen-
sion reads [33-35]

h3
Oth = 0, (Suf)mp> , (1)
B3 . .. 1 . .
where 37 is the mobility M(h)", h(z,t) is the thickness
of the film at time ¢ and position z, p is the liquid’s
viscosity, and p it’s pressure. The pressure accounts for
both the surface tension and the correct fluid substrate
behavior (wetting) [29]. We therefore write the pressure
as

p =0zh +11(h), (2)

where the first term is the (1D) Laplacian of the liquid-
vapor interface and II(h) is the disjoining pressure [31—

, 36],
w-sen[(5) ()]

L m(h) = h3/3u is true only for a no-slip velocity boundary con-
dition.

FIG. 1. Schematic setup of the numerical experiment. Two
droplets with base radii Rp and maximum height h4 are placed
next to each other. They are connected by a liquid bridge with
height ho and subject to a surface tension gradient v(z) (red
color gradient). The flow has two sizeable contributions, one
due to capillarity, u., and one due to Marangoni, uas.

The prefactor K(v,0) o (1 — cos(d)) encodes the wet-
tability and as such the equilibrium contact angle 8.
This prefactor can be understood as a linking factor to
the Hamaker constant (A) with [37-39)]

A =67h3K(0). (4)

Additionally, h, defines the thickness of the precursor
layer, therefore the thickness where II(h,) = 0. The pair
of powers (n,m) need to satisfy n > m and m > 1. For
an in deep presentation of the derivation we refer to the
work by Schwartz and Eley and Bonn et al. [33, 40].

In the presence of a surface tension gradient, Eq. (1)
requires another term. This term accounts for an effec-
tive Marangoni flow [24, 25, 38, 41]

h3 h?
Oth =0, | —0 —0 . 5
= 0s (0t 5001 o)
These gradients appear due to non-homogenized surfac-
tant concentrations or spatially resolved heating profiles,
e.g. with lasers [26, 41-43]. They appear as well when
two different but miscible liquids come into contact with
each other [24, 25, 44].

A. Flows

Eq. (5) defines the dynamics of the system we are inter-
ested in. Before dealing with the full complexity, we take
a step back and set 0,y = 0. In this case, we know that
the two touching droplets will coalesce. Following the ar-
gumentation of Riegler, Lazar and Eddie et al. [14, 45],

hi(), (6)

where P.,p. is the capillary pressure and & is the curva-
ture of the liquid vapor interface. Upon rescaling, Eddi
et al. found in their analytical analysis that hg is the
only relevant scale, justifying therefore x ~ 1/hg [15].
The resulting flow towards the bridge induces an inertial
or “Bernoulli” pressure

h 2
]Diner. ~p (to> . (7)

Pcap. ~ YR ~



Balancing Eqgs. (6-7) and solving for hq yields a growth
law

ho(t) ~ t3/3, (8)

for contact angles below 6 < 7/2 [15, 46]. Recently, a
similar growth law for the coalescence of low viscosity
liquid lenses has been experimentally observed and the-
oretically validated, see Hack et al. [19].

The addition of a surface tension gradient alters the
pressure balance. For two different but miscible liquids,
Riegler and Lazar associated Eq. (7) with the difference
in surface tension [414]

p(67)?
oz (9)

Piner. ~

where 67 = 71 — 72 and ~y; are the two surface tensions
of two different liquids. Karptischka and Riegler later
formulated an elegant theoretical explanation for the flow
of the non-coalescing twin droplet state [23]. In their
derivation, they assume a quasistatic thickness (0;h =
0) and a constant motion proportional to the capillary
number

7%
Ca=—, 10
5 (10)

with v being a characteristic velocity that preserves the
bridge’s profile. The starting point is Eq. (5) in the qua-
sistatic limit,

h3 h2
- - —0. 11
0y (?Wamp + 2u8”> 0 (11)

Integrating the above equation and isolating the pressure
gradient ,p = yO3h yields [23, 31]

3 3
I3h = 75Ca— %aﬂ. (12)

In the absence of a surface tension gradient we have
92h > 0. With a surface tension gradient, however, 92h
can change sign [23].

Our model in addition to the above derivation uses a
pressure given by Eq. (2), therefore modifying Eq. (12)
slightly,

RS %C’a - %@w — 0, II(R). (13)

where the derivative of the disjoining pressure appears.
The velocity field inside the droplets (film) can be com-
puted using 93h [31],

z
u(z) = m [Qw - (5 — h) vagh} . (14)
We therefore assume that the derivative of the disjoining

pressure has an effect on the flow, at least in the region
close to the bridge.
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FIG. 2. Surface tension fields y(x) normalized with ~yo. Differ-
ent colors and symbols display different surface tensions with
x = 0 is the coordinate of the bridge at ¢ = 0. The surface
tension functions are given by Egs. (17-19).

III. METHOD

We use a computational method, namely the lattice
Boltzmann method (LBM), to iteratively solves Eq. (5).
The details of the method can be found in the App. A
and in the references [29, 47].

In addition to the basic lattice Boltzmann algorithm,
we require and another force term F, to account for the
Marangoni contribution. Similarly to earlier work on
thermal fluctuations [17] we construct a force term and
match it to the last term in Eq. 5,

F’Y = gaw’)’(l'), (15)

where we have assumed that the surface tension only
varies along the horizontal dimension. With the addition

of this force term, our LBM is a numerical algorithm for
the system

1 3 (16)
O¢(hu) = _%hawp —vags(h)u+ 50;7.
Performing the limits discussed in ref. [29, 47], this

system becomes an effective solver for Eq (5). Due to the
inclusion of TI(h), this method allows us to test the non-
coalescence criteria for smaller scales, well below 1mm
droplet diameter [24, 25].

For the spatially resolved surface tension, v(z) we use
three different functions, as shown in Fig. 2. The first
one is a constant surface tension,

¥(x) = 70, (17)

with 9 as constant and therefore 9,v(x) = 0, see blue
curve Fig 2. Second, to mimic a mixture of different
liquids or a locally heated and cooled substrate, we use



a Heaviside function O(z)

’y(x)@(m){’m for x < L/2 (18)

vo— Ay forxz>L/2

with A~ is a percentage of 7y, given by the orange dashed
curve in Fig. 2. The third function interpolates smoothly
between the two values 79 and vy — A~y using a tangent
hyperbolicus

where

s(x: 1, w) = %tanh (x_l), (20)

with the coordinate | where v(I) = v — Avy/2 and a
smoothing width w. In the following, we keep | = L/2
fixed and use the notation s(z;w). The influence of w is
shown in Fig. 2 using Eq. (19) twice with w = 5 (yellow
dashdotted curve) and w = 100 (cyan dotted curve).

The coupling of Egs. (17-19) to the LBM is twofold.
The surface tension is evaluated during the pressure cal-
culation Egs. (2-3) and for the Marangoni contribution,
Eq. (15).

IV. RESULTS

All numerical experiments start with the same ini-
tial condition, two barely overlapping circular segments
(equivalent to spherical caps in three dimensions) as illus-
trated in Fig. 1. We use the radius of the initial droplets
Ry to normalize length scales [10, 45]. As a characteristic
time scale we use the inertio-capillary time,

__ . [PES
=50 (21)

In Fig. 3 we show a time series of our numerical exper-
iments for three different surface tensions. In blue, we
have the case of a constant surface tension, thus a pure
coalescence. The symbols, bullets, stars and triangles dis-
play the thickness at ¢t = 0.0147, t = 147 and ¢t = 1407
respectively. The influence of (z) is best seen by the
green and orange curves, as both of them use Eq. (19)
but have different w values.

A. Bridge growth

The liquid bridge between two similar drops on a solid
substrate with contact angle 8 < 7/2 is expected to grow
according to Eq. (8). Initially, this growth law has been

derived for macroscopic drops for which the disjoining
pressure is irrelevant. The same growth rate holds true
in our simulations, with II(h) # 0 shown by the blue
bullets in Fig 4. Only for late stages of the coalescence
where hg ~ hg we observe a deviation from the black
dashed line give by

ft) = B, (22)

with 8 = 0.01.

If we use Eq. (18) instead of Eq. (17) the simulation
yields the orange diamonds in Fig. 4. Clearly, the bridge
does not grow, and the droplets do not coalesce. Al-
though we do not have a concentration field in our simula-
tions, the results qualitatively agree with references [23—

, 44]. Including TI(h) # 0, ho(t) even decreases, leaving
only a thin precursor layer (h ~ h,) between the droplets.
Instead of a steady motion of the twin droplet state, the
droplet on the lower surface tension side (7 = vy — A7)
moves away from the step. There are two effects to con-
sider here, the Marangoni flow and the disjoining pres-
sure. The former keeps the bridge height small and the
later tries to find an equilibrium for the droplets with
as contact angle. The moment h ~ h,, the disjoining
pressure dominates, and the result is a rearrangement of
the three-phase contact line to have a stable droplet away
from the surface tension gradient, shown by the orange
curve in Fig 3.

Smearing out the surface tension gradient using
Eq. (19) is shown by the remaining symbols in Fig 4.
Instead of an immediate separation of the droplets and
independently of the smearing width w, the bridge starts
to grow. More surprisingly, the growth rate is in agree-
ment with the power-law t2/% of Eq. (8). While the bridge
height grows, fluid flows into the region of higher surface
tension, see Fig. 5. The larger the bridge height, the eas-
ier it is for the Marangoni flow to drain liquid from the
low surface tension droplet. Eventually, the bridge height
reaches a maximum and decreases rapidly to ho(t) ~ h.,
similar to the step function.

B. Separation and asymmetric coalescence

The evolution of the bridge and therefore the flow is
highly sensitive to the surface tension y(x), see Figs 3,4.
Choosing a constant surface tension y(x) = 7o, almost all
data is in agreement with oc t%/3. Given Eqs. (18-19) the
less smeared the transition in the surface tension is, the
sooner the bridges deviate from the power-law. Turning
the argument around, the more space the transition be-
tween 7y and vy — A~y can occupy, the longer the growth
rate agrees with o t2/3. Two things are happening, the
first is that the bridge is moving. The point of minimal
thickness between the droplets shifts its location towards
smaller surface tension. While fluid is flowing in the di-
rection of higher surface tension, the bridge is therefore
travelling downstream.
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FIG. 3. Snapshots of the thickness h(z) taken at three different time steps. The three time step have different marks, namely
bullets, stars and triangles for ¢ = 0.147, ¢ = 147 and ¢ = 1407 respectively. In panel (a) we show the evolution for a constant
surface tension, see Fig. 2 blue bullets. In (b) and (c) we use Eq. (19) with w = 5 and w = 100 respectively.
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FIG. 4. Time evolution of the liquid bridge ho(t) normalized
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Bt2/3 with 8 = 0.01.
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FIG. 5. Difference between the maxima of the two droplets.
In blue, we supply the symmetric coalescence using y(z) = 7o.
The other curves are subject to a surface tension gradient,
with different symbols and colors show different (z). The
inset displays the droplet separation time (blue bullets) for a
subset of surface tensions. The black dashed line is a power-
law ~ w®/2.

This behavior is more pronounced for larger smearing
values w. Increasing w yields smaller 9,7 values at the
bridge, as can be computed using Eq. (19). For w 2
Ry we no longer see a separation, but an asymmetric
coalescence. A simpler measure to assess this statement
is the difference in droplet height,

Ah = |hd’1 — hd72| (23)
where hg,; with ¢ = 1,2 identifies the left and right
droplet, respectively. These measurements are shown in
Fig. 5 for a subset of chosen surface tension fields. For
w < 50 (or w/Ry < 1/3) we observe a collapse of the data
on short time scales. The same curves, leaving aside the
constant surface tension, show a kink in their slope at
what we call the separation time 74, which is defined ac-
cording to ming(ho(7s) < hy) and shown in the inset of
Fig 5. On top of our data, the blue bullets, we plot a

power-law ¢ ~ w3/2. The motivation for this relation is
as follows
v ho
— ~ —07, (24)
w2

where v/p is a fluid specific capillary velocity and the
left hand side is due to Marangoni [16, 48]. Rearranging
the above similarity to have the bridge height on the left
yields

2wy
h ~N —
0 A’Y )

(25)
where we used 0,7 ~ Ay/w, see Eq. (19). From Fig. 4
we know that Eq. (8) holds true for most of our data,
therefore

(213)3 w3, (26)

The black dashed line in the inset of Fig. 5 is given by
~ w2, showing good agreement with the data.

To have a better understanding of this process, we
measure the two pressure components §2h and TI(h), as
shown in Fig. 6. The full (dashed) lines with bullets

Ts "~
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FIG. 6. Pressure distribution around the bridge for three
different v(x), Eq. (2) at ¢ = 1407. Solid lines with bullets
display 82h while dashed lines with stars show II(h), Eq. (3.
On the y-axis we normalize the pressures with po, see Eq. 27.
In the inset, we zoom into the region at P/po =~ 0. For non-
separating cases, e.g. y(z) = s(x;100) (green curves) the
disjoining pressure is vanishing.

(stars) show ~(z)02h (II(h)). Different colors refer to
different surface tensions, with all data being from the
same time step at ¢t = 1307. To normalize both pressure
components, we use

: (27)

==

Po =

with v = 79 and R = Ry. Knowing that the coa-
lescence is driven by capillarity (y92h) we expect that
92h > TI(h) for v(z) = ~o. This holds true not only for
the constant surface tension for but also for large smear-
ing w > 100, which is shown in the inset of Fig. 6. Re-
ducing the smearing and having a sharp surface tension
transition, the disjoining pressure becomes the dominat-
ing pressure contribution. While the value is large, the
thickness of the precursor layer only allows for a limited
flow. Still, we argue that at small scales (Ry =~ 1lum)
the disjoining pressure does influence the coalescence be-
havior quite significantly. Lastly, the coalescence or non-
coalescence is depending on the specific surface tension
gradient and not only on the absolute surface tension
difference (yo — Av). We identify two scenarios for one
A+, which are either droplet separation, yellow hexagons
Fig. 4 and green hexagons Fig. 5 or asymmetric coales-
cence, see cyan pentagons Fig. 4.

V. SUMMARY AND CONCLUSIONS

To summarize, we have performed numerical experi-
ments of sessile droplet coalescence using a lattice Boltz-
mann method based on the thin film equation with an
effective Marangoni contribution. The droplets were sub-
ject to a spatially resolved surface tension gradient and
a disjoining pressure II(h). Making strong assumptions

on the theoretical formulation, i.e. quasi static profile,
we have shown that the disjoining pressure contribution
affects the flow. If there is, however, no surface tension
gradient, the disjoining pressure does not alter the known
scaling law for the bridge growth ho(t) ~ t2/3.

Using a spatially varying surface tension, we observe
two different scenarios. From reference experiments
at larger scales with different but miscible liquids, we
know that the Marangoni flow can prevent coalescence.
This behavior translates to the first scenario, where the
droplets separate. Using a step function between the two
plateau values of «y, the bridge height quickly decreases,
and the coalescence process is stopped. Smearing the sur-
face tension step using a tangent hyperbolicus we have a
transient bridge growth that for small smearing widths
w leads to droplet separation. The time it takes to sep-
arate the two droplets depends strongly on the surface
tension gradient. This dependence can be motivated us-
ing a balance of velocities, which results in the scaling
Ty ~ w32,

If the smearing width becomes large (= Ry) the result-
ing flow promotes an asymmetric coalescence. Similar
to the constant surface tension, the product is a single
droplet. In contrast to a constant surface tension, the
center of mass of this droplet is clearly shifted towards a
region of higher surface tension.

In future work, we plan to perform simulations at
larger scales using the volume of fluid method. There-
fore, having numerical experiments at scales where the
disjoining pressure can safely be neglected. Using a sim-
ilarly well resolved surface tension gradient, we assume
to confirm the case of asymmetric coalescence at larger
scales, which in turn could be used for mixing purposes
and additive printing processes.
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Appendix A: Thin film lattice Boltzmann method

This approach is based on the evolution of discrete
probability density functions (f;) where

file + DALt + At) =

. At . Al
(1) flot) + @)+ w0 k0, D
where w = At /T, is a relaxation frequency and 7, is relax-
ation time. The total force acting on the fluid is collected
in F. We adopt the standard D1Q3 (one-dimensional)
scheme with 3 lattice velocities [19], given by

D =10,¢,—c], i=0,1,2, (A2)



where the lattice speeds ¢ = %, with weights

2 1
wyg=—, Wie=—, A3

0=3 125 ¢ (A3)

and the upper bound for information transport, the speed

of sound ¢? = % The equilibrium distribution functions
fi(eq) read [50]:

1 1
eq 2
0 = <12029h02“)7
1 1 1
eq __ o = a2
! _h<402gh+2cu+262u)7

1 1 1
4 _h|l —agh— — a2
2 <4c29 20u+ 202u ) ’

where ¢ is the gravitational acceleration that enforces
the hydrostatic pressure condition. Given the size of the
droplet we are interested in, we neglect gravity and set
g = 0 for the remainder of this work.

The film thickness h and the velocity at the free surface
u are moments of the distribution functions f; [17, 51, 52]:

(A4)

h=> fi hu= ic(i)fi. (A5)
i=0 i=0
The force F in (A1) accounts for three terms,
F = Fuup + Fiyie + Fy. (A6)
The first is the effect of the film pressure p, Eq. (2),
Fap = =15, (A7)

where pg is the fluid density. Viscous friction with the
substrate is contained in

Fric = —vas(h)u, (A8)

where v = pu/po is the fluid kinematic viscosity (related
to the relaxation time 7 by v = ¢? (’7’ — %)) The thick-
ness dependent function as(h) is approximately an in-

verse mobility M (h),

6h

(M) = 51 r T ons 7 302"

(A9)

with a slip length 4.

Appendix B: Lattice Boltzmann parameters

The grid size is L = 1024Ax with periodic bound-
ary conditions except for 9,7(0) = 0,v(L) = 0. Both
droplets have a base radius Ry = 171Az, a maximum
thickness hq = 30.15 and form a contact angle § = /9
with the substrate. The initial bridge height is measured
to be ho(0) = 0.2. The LBM relaxation time is set to
unity, which results in a viscosity p = 1/6. We use a
slip boundary condition, see Eq. (A9), with § ~ hg/2.
The surface tension 79 = 107, while Ay = 0.2 - v,. In
the disjoining pressure, Eq. (3) we set h, = 0.09 and
(n,m) = (9,3). The intertio-capillary time scale 7 is
given by 7 &~ 7 - 10°At.
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