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INTRODUCTION

CERME 8 (2013)

WG5: Stochastic thinking  
WG6: Applications and modelling  
WG7: Mathematical potential, creativity and talent  
WG8: Affect and mathematical thinking  
WG9: Mathematics and language  
WG10: Cultural diversity and Mathematics Education  
WG11: Comparative studies in Mathematics Education  
WG12: History in Mathematics Education  
WG13: Early Years Mathematics  
WG14: University mathematics education  
WG15: Technologies and resources in mathematics education  
WG16: Different theoretical perspectives / approaches in research in mathematics 
education  
WG17: From a study of teaching practices to issues in teacher education  
 
The success of the ERME Conferences is witnessed by the constant increasing 
number of participants and presentations. In Manavgat 520 participants attended the 
congress, from 45 countries within and beyond Europe.  
In addition to the WG activities, the congress was enriched by in a number of plenary 
scientific activities, and  a varied social and cultural program.  
The opening session included a plenary address by Paolo Boero who proposed a deep  
reflection on how to deal, as researchers, with the unavoidable complexity of big 
problems concerning the teaching and learning of mathematics in our societies. On 
the base of a long personal elaboration, strictly and functionally interwoven with the 
evolution of the experimental activity in the school carried out with the Genoa 
research group since the seventies, Boero offered us some answers to those big 
questions emerging from complex phenomena, particularly those concerning societal 
needs and values and related educational choices.  
As at previous CERME congresses, two other plenary talks were given by former 
WGs leaders, Alain Kuzniak and Candia Morgan.  
Kuzniak presented a vivid account of what are today the core items and the 
contributions of researches in the didactics of geometry, and he did it in the light of 
the rich discussions which have been occurring in the CERME Working Group on 
geometry from its beginning in 1999. Candia Morgan delineated a superb survey of 
the complex field of study of language in mathematics education. As she said, she 
offered her map, her personal and critical account, on previous studies in this field, 
and especially a theoretical elaboration as it emerged from the active discussion 
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EDITORIAL INTRODUCTION FOR THE EIGHT CONGRESS OF 
THE EUROPEAN SOCIETY FOR RESEARCH IN 

MATHEMATICS EDUCATION 
 

http://www.cerme8.metu.edu.tr/	
  	
  

Behiye Ubuz and Çiğdem Haser                               Maria Alessandra Mariotti 
Middle East Technical University, Turkey              University of Siena, Italy 
 
The Eight Congress of the European Society for Research in Mathematics 
Education (CERME8) was held at the Starlight Convention Center, Thalasso & 
Spa Hotel in Manavgat-Side, Antalya, Turkey from 6th to 10th February, 2013, 
chaired by Prof. Dr. Behiye Ubuz (Local Organizer Chair) and Prof. Dr. Maria 
Alessandra Mariotti (International Program Committee Chair). It aimed to 
promote the development of mathematics education through intellectual 
communication and cooperation by attending thematic working groups, plenary 
talks, poster sessions, and so forth. At CERME8 there were 3 invited plenary 
talks given by Paolo Boero, Alain Kuzniak, and Candia Morgan together with 
17 thematic working groups (WGs). The main work of the congress took place 
in these Thematic Working Groups, facilitated by some 73 Working Group 
leaders. The congress was preceded by a meeting of Young European 
Researchers in Mathematics Education (YERME) on 5th and 6th February 2013.  
A total of 375 Research Papers and 90 poster proposal were submitted for the 
congress. Following peer review, 310 Research Papers and 57 poster proposals 
were accepted for publication in the proceeding.  

 
A view from Starlight Convention Center, Thalasso & Spa Hotel 

 

Around 520 participants attended the congress, from 45 countries within and 
beyond Europe. Many participants from European countries were there: UK 
(31), Portugal (29), Germany (98), Italy (22), Greece (10), Finland (6), Spain 
(30), Netherlands (8), Sweden (54), Cyprus (2), Denmark (16), Norway (24), 
Austria (1), Czech Republic (5), France (41), Ireland (5), Romania (1), Russia 
(4), Belgium (4), Iceland (4), Estonia (2), Latvia (1), Poland (2), and 
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this function is not everywhere zero, for values of x between x0 and X, it will have to 
either begin to increase, thus taking on positive values, or begin to decrease, thus 
taking on negative values; be it from x = x0, or from some other value of x between x0
and X. If these values are positive, since 𝜑𝜑(𝑥𝑥) is continuous and vanishes for x = X, it 
is obvious that there will be a value x1 between x0 and X such that 𝜑𝜑(𝑥𝑥1) is greater 
than or equal to the neighbouring values 𝜑𝜑(𝑥𝑥1 − ℎ),     𝜑𝜑(𝑥𝑥1 + ℎ), h being an 
arbitrarily small quantity. 
[Serret then proved that 𝜑𝜑′(𝑥𝑥1) = 0, by a well-known argument; and stressed that this 
proof idea is Ossian Bonnet’s]
(...) Theorem III.- If the derivative f’(x) of function f(x) remains finite for all the 
values of x between the limits 𝑥𝑥0, if X > 𝑥𝑥0, and if x is made to increase from 𝑥𝑥0 to X, 
the function f(x) will increase as long as the derivative f’(x) will not be negative, and 
it will decrease as long as f’(x) will not be positive.

Indeed, since x lies between 𝑥𝑥0 and X, the ratio  𝑓𝑓(𝑥𝑥±ℎ)−𝑓𝑓(𝑥𝑥)
±ℎ

has limit f’(x), which is a 
finite quantity; so it will of the same sign as that of the limit, for values of h between 
zero and some sufficiently small positive quantity 𝜀𝜀. Consequently, for these values 
of h, the following will hold

𝑓𝑓(𝑥𝑥 − ℎ) <  𝑓𝑓(𝑥𝑥) < 𝑓𝑓(𝑥𝑥 + ℎ) if f’(x) is > 0,
and 𝑓𝑓(𝑥𝑥 − ℎ) >  𝑓𝑓(𝑥𝑥) > 𝑓𝑓(𝑥𝑥 + ℎ) if f’(x) is < 0.

Thus, the function f(x) will increase, as from any value of x for which f’(x) is > 0; and 
decrease, as from any value of x for which f’(x) is < 0. (Serret, 1900, p.17-22)

In this passage, Serret introduced Bonnet’s proof of the mean value theorem, a proof 
idea which relied on an affine change of variable and the vanishing of the derivative 
at a local extremum. The existence of the extremum is not proved (at least when one 
compares with later rewritings of this proof), but made obvious in the narrative style 
which is so typical of the first half of the 19th century.
Strikingly, Serret did not use the mean value theorem to establish the relationship 
between the sign of f’ and the variations of f; he relied on Cauchy’s argument, hence 
on Cauchy’s notion of functional variation.  

PROOF-ANALYSIS AND REGRESSIVE ANALYSIS
Proof-analysis: the role of uniform convergence
We identified in Lagrange’s proof a flaw which can be described in several ways: 
implicit assumption of uniform differentiability; failure to notice that some variable is 
dependent on some other, while trying to consider the limit of second while leaving 
the first fixed; exchange, without due caution, of two limiting processes. The same 
flaws were common to most proofs in analysis which dealt with the numerical aspect 
of functions (as opposed to formal aspects) (Dugac 2003) (Chorlay 2012).
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existence theorem for extrema as a consequence of a very general and abstract 
theorem, proved using nested intervals (we quote the theorem but skip the proof):

Let a value y correspond to every point (𝑥𝑥1, … , 𝑥𝑥𝑛𝑛) of some domain; then y is also a 
variable quantity, hence has a lower and an upper bound; let g denote it. Then, there 
exists at least one point in the x-domain (that point needs not belong to the defined 
domain), with the following property: if we consider however small a neighbourhood 
of that point, and consider the values of y corresponding to that x-domain, then these 
values of y also have an upper bound, this upper bound being exactly g. Similarly for 
the lower bound. 
(...) One is commonly faced with the question: among the values taken on by some 
magnitude, is there a maximum or a minimum (maximum or minimum in the 
absolute sense). Let y be a continuous function of x, y =f(x). Here, x must remain 
between two given limits a and b. In which circumstances is there a maximum and a 
minimum for y ? There is an upper bound for y. According to our proposition, there 
must be some point 𝑥𝑥0 in the x-domain such that the upper-bound of the values of y
for x between 𝑥𝑥0 − 𝛿𝛿 and 𝑥𝑥0 + 𝛿𝛿 is also g. Point 𝑥𝑥0 either lies inside a...b, or on its 
border (𝑥𝑥0= a, or 𝑥𝑥0= b).

In the first case, f(𝑥𝑥0) is a maximum. Indeed, f(𝑥𝑥0) must be equal to g: for f(x) -
f(𝑥𝑥0) can be made as small as we wish, by choosing an adequately small |x-𝑥𝑥0|; on the 
other hand, since x lies between 𝑥𝑥0 − 𝛿𝛿 and 𝑥𝑥0 + 𝛿𝛿, f(x) can be chosen arbitrarily 
close to g; hence f(𝑥𝑥0)= g. (If we had f(𝑥𝑥0) = g+h, we would have f(x) – f(𝑥𝑥0) = f(x) –
g – h, and f(x) could not come arbitrarily close to g if h was not 0).

If 𝑥𝑥0 coincided with either a or b, then we could only claim that f(a) (resp. f(b) is 
a maximum if f(x) was continuously at a (resp. b) as well. (Weierstrass, 1988, p.91-
92)

DIDACTICAL PERSPECTIVES
Epistemological summary
First, let us attempt to summarize the pretty intricate network of definitions, proof-
ideas (or proof-germs (Downs & Mamona-Downs, 2010)), proof-techniques, and 
proof-analyses displayed in this sample of texts. What follows constitutes an 
epistemological narrative.
At least two definitions of what it means for a real-valued function to “increase” can 
be found in the 19th-century: a point-wise and global definition which can be found in 
Lagrange; a definition that relies on an everywhere-valid local property, which can be 
found in Cauchy. If we stick to Cauchy’s definition, then the proof of the theorem 
about the relationship between the sign of f’ and the variations of f is pretty trivial. If 
we want to reach the Lagrange-style conclusion, then much more work is needed, 
since one has to start from an everywhere-valid local property (sign of f’) and reach a 
global conclusion.  

WORKING GROUP 1

CERME 8 (2013)
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To reach that conclusion, we saw two very different proof-ideas, namely Lagrange’s 
and Bonnet’s. In the proof we studied, and in quite a few other parts of his work, 
Lagrange distanced himself from the formal manipulation of formulae (finite or 
infinite), and engaged in numerical proof: he relied on the correct numerical 
understanding of the notion of limit; on this basis, he cautiously built networks of 
inequalities; he finally endeavoured to ground his reasoning on the determination of 
upper bounds for the errors in a process of affine approximation. In the first half of 
the 19th century, many proofs of the most important theorems in function theory were 
written along this line. Distrust of this proof-scheme spread as mathematicians grew 
aware of the distinction between point-wise and uniform (continuity, convergence). 
They spread all the more slowly since the theorems were correct, the building blocks 
of the proofs showed a proper understanding of the notions at stake, and local 
counterexamples7

For the theorem on which we chose to focus, an alternative proof became available in 
the 1860s, which relied on a completely different proof-idea; unlike Lagrange’s 
proof, it did not rely on what the derivative of a function at a point is (a limit, which 
provides some local affine approximation), but on a property of the derivative (stated 
in the mean value theorem). Some elements of Bonnet’s proof were later seen as 
insufficiently grounded, in particular the existence of a minimum or a maximum; in 
the 1890s, mathematicians such as Jordan used Weierstrass’ analysis of the set-
theoretic properties of the real line to back up that weaker step in Bonnet’s proof.

were hard to find. As Darboux insightfully (but to no avail, as far 
as Hoüel was concerned) stressed, there were only two ways out of this predicament: 
either to change proof-germs, or to establish uniformity. 

Didactical issues, and topics to be discussed
As to connections with current work on mathematical proof from a maths education 
research perspective, we would like to stress several features; we hope this will 
trigger discussion, possibly collaboration:
* Instead of focusing on one proof, the (abridged) corpus we presented and the 
epistemological narrative we based upon it deal with a chain of proofs (or deductive
chain) which has remained stable since the beginning of the 20th century. The strong 
deductive nature of the final chain, with it seemingly necessary conceptual 
connections, makes it difficult to even imagine how it could have emerged
progressively. The corpus shows how this emergence is (1) a collective phenomenon 
(a point emphasized in (Balacheff, 1987, p.148)), (2) gradual. As to the second point, 
it turns out that the various stages do not make up a linear chain of rigorization steps, 
in which each tentative proof would be more sea-worthy than the previous one. 
Indeed, the stages are of a much more varied epistemological nature, and do not make 
up one single line: really different proof ideas were at play; several forms of 
rigorization can be encountered, such as regressive analysis (finding conceptual 

7 Meaning: a counterexample to a step in a proof, not to the theorem itself.
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STUDENTS’ PATHS: ANALYZING A FEW RESULTS THROUGH THE 
EYES OF OUR THEORETICAL COMBINATION
The individuals (groups) taking part in our experiment were initially classified by 
hand (i.e. we studied each sequence and each response to the final question, looking 
for elements of an answer that either corresponded to or differed from our initial 
determination) according to their responses to the last question of the series, leading 
to a first classification with three possible types of responses: Transformation (T);
Proportionality and Thales’ theorem (PTTh); complex (C), without explicit 
references to geometric transformations. The determination of students’ paths was 
thus based on an analysis of the entire process leading them to their response to the 
last question.
Comparison between two groups showing different conclusions: Proportionality 
and Thales’ theorem (PTTh) and Transformation (T).
The two groups were initially given two different classifications. We will examine 
the groups’ differences beyond certain similarities in their responses to the final 
question. Group C1-I9 (T) bases its conclusion on an immediate visual connection 
between multiplication and the sign rule as seen in the Cartesian plane. Then the 
group extends this relation to Descartes’ multiplication as well as any multiplication 
with any type of factor. The most striking observation we can make about their 
response, and which shows the close links between figural and discursive geneses, is 
the connection made between the sign rule and vectors’ angles. The change of frames 
related to the sign rule is due to our activity, because the geometric manifestation of 
the sign rule does not appear in the French curriculum. In order to reinforce this idea, 
we emphasize that the group specifically identified the nature of the angles,
especially the zero angle and the flat angle which allow a connection between real 
and complex numbers in this geometric configuration.
Group C3-I1 (PTTh) arrives at a conclusion that takes into account the different parts 
of the lesson. They show the properties of multiplication of real and complex 
numbers, justifying them with Thales’ theorem.

Figure 4: Left, pair C1-I9’s conclusion (T). Right, pair C3-I1’s conclusion (PTTh)
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same institution. It is important to note that “mathematics” and “geography” appears 
as disciplines in closely related, institutional contexts (such as lower secondary 
schools, universities, and “university colleges”) and while these appearances are
indeed different and bound to the institutions, they are also strongly linked. In this 
paper we will limit ourselves to look at disciplines inside one institutional context 
(university college) only. This means that influences from same-name disciplines in
another institutional context, like universities, comes into our model at a higher level 
(mainly society). This we will call second order influence. It is now possible to 
model some of the central questions associated with the two integrated disciplines.
The first type of questions concerns the “knowledge to be taught” (Bosch & Gascón, 
2006):

“What bodies of knowledge are chosen? How are they named? Why these ones and why 
with this kind of organisations? What are the reasons to these choices?” (p.56)

The answers to these are determined at the level of the discipline, and the levels 
above, as indicated by the leftmost vertical arrows. 
The second type of questions concerns the levels below the disciplines, where the 
interaction is realised. These are usually more controlled by the teacher, but still 
constrained from above (Bosch & Gascón, 2006):

“Why are mathematical contents divided in these or those particular blocks? Which are 
the criteria for this division and what kind of restrictions on the concrete activity of 
teachers and students does it cause?” (p.61)

While both types of questions are phrased the same way for mono-disciplinary 
education, they take on special meaning when more than one discipline is involved.
Decisions taken from the perspective of one ecology have to be informed by the 
other. This is indicated on figure 2 by the horizontal arrows, where the solid one 
indicates the level at which the cooperation is formally defined, and the dotted ones 
signify the possibilities of interaction, whose existence and character may be further 
specified in a particular context, e.g. as part of the planning of an intended 
curriculum. This leads us to summarise the following research questions: What are 
the main features of the interplay between institutionalized ecologies in the planning
of integrated math and science education? How can we study the “integratedness” in 
an inductive way, starting with actual and concrete plans for interaction, rather than 
with general rhetoric that tends to blur the detailed features? What conditions the 
planning and cooperation in integrated approaches?
OUR CONTEXT AND METHODS
Teacher education in Denmark is institutionally placed at so called “university 
colleges”, which are higher education institutions independent from research 
universities. A consortium between the University of Copenhagen, University 
College Copenhagen and the Metropolitan University College was formed to
construct an experimental teacher education program (called ASTE, Advanced 
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Science Teacher Education). The goal was to investigate, among other things, the 
synergistic effects of a multi-disciplinary science teacher education. The students are 
to become teachers of math and science in the lower secondary school, and the design
of ASTE has been developed jointly by participating college and university 
professors. One of the main characteristics of the program is that large proportions of 
ordinary curricular items have been placed in bi-disciplinary teaching modules. In 
this paper we will apply the theoretical framework to study the development of the 
module named: “Geographical Information Systems, data analysis and modelling in 
geography”, where parts of the math and geography contents are to be taught 
together. It should be noted that the geography discipline in Danish lower secondary 
school and at Danish teacher education colleges covers both physical and human
geography, and the module we consider here also reflects that.
To shed light on the planning of this interplay we have conducted qualitative
interviews with the five developers of this particular module; one math and 
geography college-professor from each university college (below referred to as CM1,
CM2, CG1 and CG2) and one university-professor from the geography discipline
(called UG) and with special interests in education. The institutional affiliations are 
rather complex in the ASTE-collaboration, but we will present them here because the 
institutional setting is of importance to our model: The two math college-professors 
are women, and although at the time of interviews they represented two separate 
colleges, one of them had only recently changed from one to the other. The two
geography college professors, male and female, come from another university-college
than the two math professors. It should be noted that it is only the college professors 
who are expected to do the actual teaching, and the programme is implemented in the 
physical institutional setting of a branch of one of the participating university 
colleges, to which only one of the college professors (math) belong. The ASTE 
program comes with its own formal institutional settings that are written down in 
general sections of the curriculum, parts of which are tailored specifically, while 
others are adopted directly from the ordinary institutional framework.
The interviews were conducted in August 2012, beginning with a pilot interview of 
one geography college-professor. Informed thereby a scheme of questions were 
designed, and it was decided to ask the interviewees in advance to think of 1) a 
concrete activity to undertake in the module and 2) if possible, try to think in broad 
terms of an “entire” plan of action for the module. This aims to follow the inductive 
approach, starting with the levels below the discipline level. The interviews were 
semi-structured and lasted approx. 40 minutes each. They centered on two distinct 
parts: The design of the specific module as situated in the framework of ASTE and
further thoughts on the realisation thereof. There was a focus on the individual 
respondent’s perceptions and experiences from the curriculum drafting work, seen in 
relation to their stance in the existing education system.
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