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Abstract: In the condensed liquid phase, both single- and multicomponent Lennard–Jones (LJ) sys-
tems obey the “hidden-scale-invariance” symmetry to a good approximation. Defining an isomorph
as a line of constant excess entropy in the thermodynamic phase diagram, the consequent approx-
imate isomorph invariance of structure and dynamics in appropriate units is well documented.
However, although all measures of the structure are predicted to be isomorph invariant, with few
exceptions only the radial distribution function (RDF) has been investigated. This paper studies the
variation along isomorphs of the nearest-neighbor geometry quantified by the occurrence of Voronoi
structures, Frank–Kasper bonds, icosahedral local order, and bond-orientational order. Data are
presented for the standard LJ system and for three binary LJ mixtures (Kob–Andersen, Wahnström,
NiY2). We find that, while the nearest-neighbor geometry generally varies significantly throughout
the phase diagram, good invariance is observed along the isomorphs. We conclude that higher-order
structural correlations are no less isomorph invariant than is the RDF.

Keywords: Lennard-Jones system; Voronoi structures; Frank-Kasper bonds; icosahedral local or-
der; bond-orientational order; density scaling; excess entropy; isomorph invariance; hidden scale
invariance

1. Introduction

While the structure of crystalline solids is well understood, the characterization of
glass structure is much more challenging [1–13]. A glass is traditionally produced by
cooling a liquid. At the glass transition temperature Tg the liquid falls out of equilibrium
and solidifies by basically freezing the atomic/molecular positions [14]. Thus, the structure
of a glass is inherited from the liquid structure at Tg (with occasional subtle exceptions [15]).
This paper investigates liquid structure with an emphasis on glass-forming mixtures.
The purpose is to illuminate how structure varies along a system’s isomorphs by using
more detailed structure characterizations than the standard radial distribution function
(RDF), which is a two-body isotropic correlation function.

If U(R) is the potential energy as a function of all N particle coordinates
R ≡ (r1, . . . , rN), Ra and Rb are two configurations at the same density, and λ is a uniform
scaling parameter, hidden scale invariance is the following property [16–19]:

U(Ra) < U(Rb) ⇒ U(λRa) < U(λRb) . (1)

In words, this logical implication says that if configurations at one density are ordered ac-
cording to their potential energy, the ordering is maintained if all configurations are scaled
uniformly to a different density. Intuitively, one expects this to have consequences for how

Molecules 2021, 26, 1746. https://doi.org/10.3390/molecules26061746 https://www.mdpi.com/journal/molecules

https://www.mdpi.com/journal/molecules
https://www.mdpi.com
https://orcid.org/0000-0002-7920-7455
https://orcid.org/0000-0002-6010-2477
https://orcid.org/0000-0002-0770-5690
https://doi.org/10.3390/molecules26061746
https://doi.org/10.3390/molecules26061746
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/molecules26061746
https://www.mdpi.com/journal/molecules
https://www.mdpi.com/article/10.3390/molecules26061746?type=check_update&version=3


Molecules 2021, 26, 1746 2 of 18

equilibrium structures change with density, but what are these consequences? The answer
is that, whenever Equation (1) applies, structure and dynamics are invariant along the con-
figurational adiabats in the thermodynamic phase diagram, the so-called isomorphs [16].
This result is exact if Equation (1) applies without exceptions; this is the case only when
U(R) is an Euler homogeneous function, i.e., obeys U(λR) = λ−nU(R) for some exponent
n. In cases of relevance in experiments and simulations, hidden scale invariance applies
only for the majority of the physically relevant configurations and for λ fairly close to unity.
In such cases, structure and dynamics are not rigorously isomorph invariant. Simulations of
several different atomic and molecular models have demonstrated, however, that structure
and dynamics are still invariant along an isomorph to a good approximation [18,20–24].
In regard to the dynamics, this finding confirms Rosenfeld’s excess-entropy-scaling princi-
ple of 1977 [18,25]. In fact, it may be shown that if a system has curves in its phase diagram
along which the atoms/molecules move about each other such that the same movie would
be recorded at different state points (except for scaling of space and time), then state points
on these curves have the same excess entropy and Equation (1) must apply [18].

The degree to which Equation (1) applies varies throughout the phase diagram.
For instance, most systems do not exhibit hidden scale invariance near the critical point.
We henceforth consider only systems and regions of the phase diagram for which
Equation (1) applies to a good approximation. For any such system, an isomorph is
defined as a line of constant excess entropy Sex in the phase diagram (Sex is the entropy
minus that of an ideal gas at the same temperature and density [25–27], a quantity that
is negative because any system is more ordered than an ideal gas). A convenient way of
checking whether Equation (1) applies to a good approximation is to evaluate the virial
potential-energy Pearson correlation coefficient R [28],

R ≡ 〈∆U∆W〉√
〈(∆U)2〉〈(∆W)2〉

. (2)

Here W is the microscopic virial function, which for a three-dimensional pair-potential
system is given [26] by W(R) = ∑i<j rij · Fij/3 in which rij is the position vector from
particle i to particle j and Fij is the force on particle j from particle i [26], ∆ denotes the
quantity in question minus its state-point average, and the sharp brackets indicate NVT
canonical-ensemble averages. A useful rule of thumb is that if R > 0.9, the system obeys
hidden scale invariance and has, consequently, good isomorphs [20]. In that case, the
system is referred to as “strongly correlating” or “R-simple” [22,28]. The latter name makes
it possible to distinguish this class from “simple liquids”, which are traditionally defined as
systems of particles interacting via pair forces [27,29]. While many such systems have good
isomorphs, some do not; on the other hand, molecular and other more complex liquids may
well have strong virial potential-energy correlations and the consequent isomorphs [18,22].
Isomorph invariance of structure and dynamics implies that the phase diagram becomes
essentially one-dimensional wherever hidden scale invariance applies. This provides a
significant simplification for understanding and describing a given system.

Isomorph invariance of structure and dynamics applies only when these are given
in “reduced” units [20,22]. If one considers N particles in volume V at temperature T, the
(number) density is defined by ρ = N/V, and the units used for defining reduced quantities
are the length l0 ≡ ρ−1/3, the energy e0 ≡ kBT, and the time t0 ≡ ρ−1/3√m/kBT [20] in
which m is the average particle mass. These are sometimes referred to as “macroscopic”
units [25]; note that these units depend on the thermodynamic state point in question.
Reduced quantities are generally marked by a tilde, for instance r̃ ≡ r/l0 = ρ1/3r is the
reduced version of the distance r between two particles.

Isomorph invariance of reduced-unit RDFs has been reported for several different
liquid and crystalline systems [20,21,30–36]. This is investigated by plotting the RDF as
a function of r̃ for different state points along an isomorph to see whether there is data
collapse. A recent application showed how the invariance along isomorphs can be utilized
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to predict the structure of an R-simple liquid at an arbitrary state point from a single
simulation [37].

The theory predicts isomorph invariance of any structural measure, not just the RDF.
Only few studies have been carried out to check this prediction, however. Ingebrigtsen
and Tanaka demonstrated good isomorph invariance of the bond-orientational order
in polydisperse Lennard–Jones (LJ) systems of both size and energy dispersity [38,39].
On the other hand, an investigation in 2013 by Malins et al. [40] of the Kob–Andersen
(KA) binary LJ system [41] reported significant isomorph variation of the number of
11A bicapped antiprism clusters. Malins et al. concluded that “these higher-order structural
and dynamical correlations show very much larger deviations along the [KA] Lennard–
Jones isomorphs than do two-body correlations. This result is at odds with the invariance
of structure in reduced units predicted by the theory of isomorphs.” By a higher-order
structural measure is meant a quantity, the calculation of which involves the relative
positions of more than two particles. Such measures provide much more details of the
nearest-neighbor geometry than the RDF does.

To investigate the generality of the finding of Ref. [40], there is a need for more data
on higher-order structures of different R-simple systems. In this paper, we investigate dif-
ferent higher-order structural measures of four different LJ systems. The measures involve
Voronoi structures, Frank–Kasper bonds, icosahedral local order, and bond-orientational or-
der. Overall, we find a good isomorph invariance of these structural measures. The system
studied are the standard single-component LJ system (Section 2.1), as well as the binary
Kob–Andersen, Wahnström, and NiY2 LJ mixtures (Section 2.2). Computational details are
provided separately in each section and Appendix A provides isomorph state-point details.

2. Results and Discussion
2.1. Standard Lennard–Jones System

The LJ pair potential v(r) is defined [42] by

v(r) = 4ε

[( r
σ

)−12
−
( r

σ

)−6
]

. (3)

The parameter ε sets the energy scale and σ sets the length scale. The LJ pair potential is
strongly repulsive at short distances and diverges as r → 0; it has a global minimum at
r = 21/6σ at which v(21/6σ) = −ε. Simulations of LJ systems usually employ the so-called
LJ units defined by ε and σ. In tests of isomorph theory it is important, however, to report
quantities in the above-mentioned macroscopic unit system. Note that specifying the state
point itself is not possible in reduced units because ρ̃ = T̃ = 1 at all state points; thus state
points are reported in LJ units.

This section reports results for the standard single-component LJ system. The focus is
on how the relative fractions of different Voronoi structures vary along isomorphs. To put
the findings into perspective, we also performed the same analysis along isochores, i.e., for
constant-density state points.

The simulations were carried out using the open-source Roskilde University Molecular
Dynamics software (RUMD v3.5) that runs on graphics processing units [43]
(http://rumd.org (accessed on 4 September 2020)). The LJ liquid was simulated by stan-
dard Nosé-Hoover NVT dynamics with a thermostat relaxation time of 0.2 for a system
of N = 8000 particles. A shifted-potential cutoff was employed at 2.5 σ. We studied two
isomorphs, one that is above the freezing line (“isomorph 1”, with reference state point
(ρ, T) = (1.00, 2.00)) and one that is slightly supercooled (“isomorph 2”, with reference
state point (ρ, T) = (0.85, 0.60)). Supplementing this, we also investigated the ρ = 1.00
isochore that has state points overlapping with both isomorphs, as can be seen in Figure 1a
that shows the two isomorphs in the thermodynamic phase diagram.

Isomorphs are defined as lines of constant excess entropy in the phase diagram of an
R-simple system, i.e., a system with hidden scale invariance [16,20]. Two isomorphs were

http://rumd.org
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generated by integrating Equation (4) below, which defines the density-scaling exponent γ
at a given state point [20]:

γ ≡
(

∂ ln T
∂ ln ρ

)
Sex

=
〈∆U∆W〉
〈(∆U)2〉 . (4)

The last equality is a statistical-mechanical identity, which allows for calculating γ from
canonical-ensemble constant-volume (NVT) averages [20]. If for instance γ = 3,
Equation (4) implies that when the density is increased by 1%, the temperature should be
increased by 3% in order to stay on the isomorph. To perform the integration accurately,
we used the fourth-order Runge-Kutta algorithm for density changes of 5%.

To verify that the state points of Figure 1a are indeed on isomorphs, we check in
Figure 1b,c that there is a collapse of the dynamics by plotting the mean-square displace-
ment (MSD) as a function of time in reduced units. We note that the short-time (ballistic)
collapse of the reduced MSD follows from the definition of reduced units and applies
to any system at any state point, independent of hidden scale invariance. The long-time
collapse, however, is not trivial, and demonstrates isomorph invariance of the dynamics.

The software Voro++ [44,45] was used to obtain data of the Voronoi construction
around each particle. The output was analyzed by using the number of edges, faces, etc, as
parameters to classify an environment. From this we calculated the fraction of particles
with a given local environment. We focused on the four most common environments
defined by the number of edges, vertices, and faces of the Voronoi polyhedron surrounding
a particle. This characterization allows one to include nearly 90% of the local environments
in the investigation.
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Figure 1. (a) The two LJ isomorphs studied. State points on the isomorphs were found by integrating Equation (4)
numerically. (b) Mean-square displacement (MSD) for the state points of isomorph 1 plotted in reduced units, demonstrating
good isomorph invariance of the dynamics. (c) The same for the state points of isomorph 2.

Figure 2 shows the temperature variation of Voronoi characterizations of local en-
vironments. In the upper figures, each subfigure represents a single local environment
specified by three integers giving the number of edges, vertices, and faces, respectively,
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of the Voronoi polyhedron around a given particle.. The fraction of particles with this
particular environment is shown on the y-axis as a function of the temperature. The two
lower figures give the temperature variations of the standard Voronoi indices in the form
〈n3, n4, n5, n6〉 where n3 is the number of triangles, n4 the number of rectangles, etc, of the
Voronoi polyhedra. These figures show data for the occurrence of the two most abundant
Voronoi structures; note that a star is a wildcard, thus a sum over several Voronoi structures
is represented in the lower figures.. In both the upper and lower figures, the structures are
almost invariant along the two isomorphs, but not along the ρ = 1.00 isochore.

Figure 2. Voronoi-structure variation along the two isomorphs and along the ρ = 1.00 isochore of the single-component
LJ system. Top panels: Fraction of local environments as a function of temperature for four common occurrences of the
number of edges, vertices, and faces (marked on top of each figure). There is some variation along the isomorphs, but it is
much smaller than along the isochore. The deviations decrease with increasing temperature and the consequent increase of
R (Appendix A). Bottom panels: Fraction of the two most common Voronoi polyhedra of the conventional indexing system.
Again we find approximate isomorph invariance.

2.2. Binary Lennard–Jones Mixtures

The single-component LJ system easily crystallizes in the supercooled regime. A sim-
ple way to avoid this is to consider binary mixtures. This section gives results for higher-
order structures of the Wahnström, Kob–Andersen, and NiY2 binary LJ mixtures.

2.2.1. Wahnström Mixture

The Wahnström system is defined [46] by having an equimolar composition of two
particles, A and B, that interact via LJ potentials with σAA = 1.0, σAB = 1.1, σBB = 1.2,
and εAA = εAB = εBB = 1.0. The mass of particle B is twice that of particle A. For all
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three interactions a shifted-potential cutoff was used at rcut = 2.5 σ with the relevant σ.
Like all systems of this study, the Wahnström mixture was simulated by Nosé-Hoover NVT
dynamics in RUMD. The time step was 0.002 ρ−1/3T−1/2 (in LJ units) for the isomorph
simulations and 0.005 for the isochore simulations. Systems were equilibrated for 5 million
time steps at each state point before a data-collection run of 10 million time steps.

Isomorphs were identified using an approximate analytical formula that applies to a
good approximation for any R-simple LJ system, both single- and multicomponent systems.
According to this, the temperature variation T(ρ) as a function of the density along the
isomorph through the reference state point (ρ0, T0) is given by [47–49].

T(ρ)
T0

=
(γ0

2
− 1
)( ρ

ρ0

)4
−
(γ0

2
− 2
)( ρ

ρ0

)2
. (5)

Here γ0 is the density-scaling exponent at the reference state point, which is calculated
from equilibrium canonical (NVT) fluctuations by means of Equation (4). The first term of
Equation (5) derives from the repulsive r−12 term of the LJ pair potential and the second
term derives from the attractive r−6 term. This method for tracing out an isomorph is
convenient because it requires only a single simulation. We checked that the correct
isomorphs are traced out by also integrating Equation (4) numerically.

Figure 3 gives reduced-unit MSD data for the A particles as functions of time along an
isochore (Figure 3a) and two isomorphs (Figure 3b,c). The MSD is isomorph invariant to a
good approximation, while it varies significantly along the isochore.
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Figure 3. A particle mean-square displacement in reduced units of three different sets of simulations of the Wahnström
binary LJ mixture [46]. (a) gives MSD data along the ρ = 0.85 isochore (where density is given in AA particle units).
(b) is for the isomorph with reference state point (ρ, T) = (0.85, 1.2). (c) is for the isomorph with reference state point
(ρ, T) = (0.85, 2.0).

We proceed to the investigation of higher-order structures. Voronoi structures were
again calculated using the Voro++ library [45]. Frank–Kasper (FK) bonds [50] were deter-
mined using a “neighbor” cutoff at approximately the first minima in the RDF: 1.7 and 1.8
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for AB and BB, respectively, after a uniform rescaling of the system to ρ = 0.85. BB pairs
with six A particles (and none other) in their common neighbor list were declared to be a
FK bond [50].

Figure 4 shows how different higher-order measures of the local structure vary along
the reference-state-point (ρ, T) = (0.85, 1.2) isomorph as a function of the temperature
(symbols) and how they vary along the ρ = 0.85 isochore (full curves). Figure 4a gives two
measures of preferred local structures: the number of Frank–Kasper bonds [51,52] denoted
by n (normalized per large particle) and the number of small particles in an icosahedral local
order denoted by “IcoA”. Both measures are found in the optimal crystal structure MgZn2,
which is a Laves-type crystal, as well as in the supercooled liquid [52,53]. In Figure 4b we
show the number of four-, five-, and six-sided faces in the Voronoi tessellation. In Figure 4c
we report the Voronoi-structure Shannon entropy H, a standard quantity in information
theory defined by

H = −∑ pi ln pi , (6)

of the cell types of the Voronoi tessellation in which pi is the relative frequency of cell type i.
H measures the diversity of cell types in the system, with larger values of H corresponding
to a wider range of probable structures and H = 0 corresponding to a unique structure like
the crystal. H increases a lot with temperature along the isochore. This reflects the fact that
the high-temperature liquid is more diverse than the cooler liquid [13]. On the other hand,
if the system is compressed when temperature is increased to stay on the isomorph, H is
virtually constant.
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Figure 4. Different higher-order structure measures along an isomorph and along the isochore of Figure 3a, plotted as
functions of the temperature for the Wahnström binary LJ mixture. The solid lines represent values along the ρ = 0.85
isochore, while the points give values along the isomorph generated from the reference state point (ρ, T) = (0.85, 1.2)
(Figure 3b). (a) shows results for the occurrence of Frank–Kasper bonds (black, denoted by “n”) and small particles in
icosahedral local order (blue, denoted by “IcoA”). (b) shows the average number of four-, five-, and six-sided faces of the
Voronoi polyhedra. (c) shows the Shannon entropy of the cell types of the Voronoi tessellation (Equation (6)). (d) shows the
relative frequency of occurrence of the five most common Voronoi cell types. Overall, there is good isomorph invariance.

Finally, in Figure 4d we look at the five most common Voronoi structures [54,55] (iden-
tified at the (ρ, T) = (0.85, 1.2) reference state point). None of these structures dominate,
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however, with the most common one being less than 8% likely along the isomorph. In
Figure 4d the 〈n3, n4, n5, n6〉 notation is used in which ni is the number of faces with i sides
of the Voronoi polyhedron. Note the prevalence of the 〈0, 0, 12, 0〉, 〈0, 1, 10, 2〉, and 〈0, 2, 8, 2〉
structures; the first of these is the ideal dodecahedron corresponding to icosahedral local
ordering, while the two others are perturbations of the dodecahedron. These five structures
account for roughly a third of all structures.

Figure 4 shows that most local structures of the Wahnström system are close to
invariant along the isomorph while, over the same temperature range, the structures vary
considerably along the isochore. In a few cases, isomorph invariance breaks down at the
lowest temperatures, in particular for the small particle icosahedral structures (Figure 4a)
and the regular 〈0, 0, 12, 0〉 Voronoi structures (Figure 4d.) This is a reminder that isomorph
theory is only exact for unrealistic systems with an Euler homogeneous potential-energy
function. Since the 〈0, 0, 12, 0〉 Voronoi structure is that of the fcc crystal, another possibility
is that the system is slowly crystallizing

Figure 5 is similar to Figure 4, but for the isomorph generated from the reference
state point (ρ, T) = (0.85, 2.0). While many of the structural measures remain isomorph
invariant, we note a minor variation of the icosahedral local ordering with temperature
(blue points in (a)). Most likely, this influences several of the other structural measures.
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Figure 5. As in Figure 4, but for the isomorph with reference state point (ρ, T) = (0.85, 2.0), which is above the freezing
line. The isochore is given by ρ = 0.85. The structures are isomorph invariant to a good approximation, but vary along
the isochore. Note that compared to Figure 4 there are more low-probability Voronoi structures, with no dominant
structural motif.

2.2.2. Kob–Andersen Mixture

The Kob–Andersen (KA) system is a 4:1 mixture of two particles, A and B, interacting
via LJ potentials with σAA = 1.0, σAB = 0.8, σBB = 0.88, εAA = 1.0, εAB = 1.5, and
εBB = 0.5 [41]. Note that the A particle is larger than the B particle, while the opposite is
the case for the Wahnström system. The mass of particle B is equal to that of particle A.
For all three interactions a shifted-potential cutoff was used at rcut = 2.5 σ with the relevant
σ. The time step used in the simulations was 0.001ρ−1/3T−1/2 and the NVT thermostat
relaxation time was 0.2. The system was equilibrated for 5 million time steps at each
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state point before a production run of 500 million time steps. The simulations involved
4000 particles. Voronoi structures were calculated using the Voro++ library [45].

Figure 6a shows four isomorphs, generated from reference state points of density 1.2
and temperatures 0.5, 0.75, 1.0, 1.2, respectively. The T = 0.5 isomorph was generated by
integrating Equation (4) numerically, while the remainder were identified by means of
Equation (5) (Appendix A gives state-point information). Figure 6b shows the reduced
A-particle MSD along the ρ = 1.20 isochore at the temperatures of the four isomorph
reference state points. Figure 6c shows both the A and B particle reduced-unit MSDs along
the lowest-temperature isomorph. Despite the fact that the temperature variation along the
isomorph is considerably larger than along the isochore, there is good isomorph invariance.
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B particles

A particles

Figure 6. Kob–Andersen (KA) binary LJ system characteristics. (a) Four isomorphs. (b) Reduced A particle MSD at four
state points of the ρ = 1.20 isochore. (c) Reduced MSD along the lowest-temperature isomorph (reference state point
(ρ, T) = (1.20, 0.50)) for the A and B particles, respectively, confirming that the state points are isomorphic by collapsing the
reduced-unit mean-square displacements as a function of the reduced time. Note that the B particles are considerably faster
than the A particles.

In Figure 7 we study the variation along the isomorph with reference state point
(ρ, T) = (1.20, 0.50) and along several isochores of two classes of Voronoi structures around
the B particles, those with < 0, 2, 8, ∗ > Voronoi indices and those with < 0, 3, 6, ∗ > indices
where ∗ is a wildcard. There is little variation along the isomorph, while the structures
become systematically less likely as temperature increases along the isochores. The latter is
because at high temperatures, more structures contribute sizably to the statistics.
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Figure 7. Two Voronoi structures of the KA system probed along the reference state point (ρ, T) = (1.20, 0.50) isomorph and
along several isochores, plotted as a function of the temperature. (a) shows results for the < 0, 2, 8, ∗ > Voronoi structure
around either an A or a B particle, and (b) shows analogous results for the < 0, 3, 6, ∗ > Voronoi structure. While there is
significant variation along the isochores, both structures are isomorph invariant to a good approximation.

We next consider the time-autocorrelation function of the bond-orientational order
parameter defined [56] by

C6(t) ≡
〈

∑
m

Q̄i
6m(t) Q̄i∗

6m(0)
〉

, (7)

in which Q̄i
6m(t) is a coarse-grained Steinhardt bond-orientational-order parameter for

particle i at time t:

Q̄i
6m(t) ≡

1
Ñb(i)

Ñb(i)

∑
k=1

Qk
6m(t) , (8)

with

Qk
6m(t) ≡

1
Nb(k)

Nb(k)

∑
j=1

Y6m(rkj(t)) . (9)

Here Y6m is the spherical harmonic function of degree l = 6 and order m = −6, . . . , 6, Nb(k)
is the number of neighbors of particle k, and Ñb(i) is the number of neighbors of particle i
including the particle i itself. “Nearest-neighbor particles” are defined using the Voronoi
construction and identified with the Voro++ package [45].

Figure 8a shows the normalized bond-orientational time-autocorrelation function of
reduced time along an isochore (Figure 8a), an isotherm (Figure 8b), and three isomorphs
(Figure 8c–e). We find good isomorph invariance.
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Figure 8. Normalized time-autocorrelation function of Q̄6(t) plotted as a function of the reduced time. (a) Results along the
ρ = 1.20 isochore. (b) Results along the T = 1.20 isotherm. (c) Results along the reference-state-point (ρ, T) = (1.20, 1.20)
isomorph. (d) Results along the reference-state-point (ρ, T) = (1.20, 0.75) isomorph. (e) Results along the reference-state-
point (ρ, T) = (1.20, 0.50) isomorph. There is good isomorph invariance.

2.2.3. NiY2 Mixture

The third simulated binary LJ mixture involves parameters that have been determined
by fitting to experimental data of the NiY2 (1:2 Nickel-Yttrium) metallic glass [57,58].
A particles mimic Yttrium atoms and B particles mimic Nickel atoms. The LJ interaction
parameters are: σAA = 1.0, σAB = 0.7727, σBB = 0.6957, and εAA = εAB = εBB = 1.0.
The mass of particle B is equal to that of particle A. A shifted-force cutoff was used at
rcut = 2.5 σ with the relevant σ for each of the three interactions [59]. A system of 3200
A particles and 1600 B particles was studied using standard Nosé-Hoover NVT simulations
with time step 0.001ρ−1/3T−1/2 and a thermostat relaxation time of 0.2. Most systems were
equilibrated for 3 million time steps before a data collection run of 10 million steps, but
for the T = 0.50 and T = 0.55 state points on the isochore, equilibration and production
runs were 300 and 50 million time steps, respectively. The isomorph reference state point
was (ρ, T) = (1.30, 1.00) (in A particle units). Isomorphic state points were generated from
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the reference state point using Equation (5). Voronoi structures were calculated using the
Voro++ library [45].

Figure 9 shows a snapshot of the system equilibrated at the reference state point of the
isomorph, demonstrating a homogeneous liquid state.

Figure 9. Snapshot of the NiY2 binary LJ system at (ρ, T) = (1.3, 1.0), the reference state point for the isomorph studied.
The A particles representing the Yttrium atoms are blue and the B particles representing the Nickel atoms are red. We see
that the system is homogeneous.

Isomorphs of the NiY2 model have not been studied before, so we first discuss the vari-
ation of different radial distribution functions (RDF) and the mean-square displacements
(MSD) along the isomorph. The RDF data for the AA, AB, and BB distributions (data not
shown) show good isomorph invariance in reduced units, except for the first peak of the
AB RDF that decreases significantly with increasing temperature. We also investigated the
less standard “total” A and B RDF functions defined by counting all surrounding particles
(Figure 10). These RDFs focus on the surroundings of a given particle, ignoring which
kind particles are involved. There is good invariance of the reduced total RDFs, with the
exception of the first peak of the B particle RDF.

Figure 11 gives MSD data along the isomorph and an isochore. The upper figures
give the isomorph MSD as a function of time in LJ units (left) and reduced units (right).
The lower figures give the same for the ρ = 1.30 isochore. We again remind that the short-
time ballistic-region collapse in reduced units seen for both the isomorph and the isochore
follows from the definition of reduced units (compare Figures 1, 3, and 6). The reduced-unit
A particle MSD is isomorph invariant, while the three other MSD versions are not. We take
Figures 10 and 11 as a confirmation that a proper isomorph has been identified.
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Figure 10. (a–d): RDF of central particles A or B counting all surrounding particles independent of their identity, monitored
along the isomorph, plotted in both LJ units (left) and reduced units (right). There is good isomorph invariance of the
reduced RDFs, although the first peak of the B particle RDF is visibly not isomorph invariant.
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Figure 11. A particle (Y atom) MSD of the NiY2 binary LJ mixture along the isomorph in LJ and reduced units (a,b), and
similarly along the ρ = 1.30 isochore (c,d). Only along the isomorph is the MSD invariant in reduced units.
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Having validated the standard structure and dynamics isomorph invariants for the
NiY2 mixture, we proceed in Figure 12 to investigate how the higher-order structures vary
along the isomorph, quantified by the occurrence of eight of the most common Voronoi
structures identified at the reference state point Figure 12a,b. We present in Figure 12c,d
analogous results along an isochore. The higher-order structures are approximately iso-
morph invariant, but vary significantly along the isochore.
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Figure 12. Temperature dependence of the occurrence of eight of the most abundant Voronoi structures at the reference
state point (ρ, T) = (1.30, 1.00), plotted for the NiY2 binary mixture as follows: along the isomorph as a function of the
logarithm of the temperature (a,b), along the ρ = 1.3 isochore as a function of the logarithm of the temperature (c,d). In
(a,c) the central particle is of type B, in (b,d) it is an A particle. The Voronoi structures are isomorph invariant to a good
approximation, but vary significantly along the isochore.

3. Summary

This paper has demonstrated good isomorph invariance of different measures of
higher-order structure in four LJ systems. The measures studied are the occurrence of
Voronoi structures, the number of Frank–Kasper bonds, the icosahedral local order, and
the time-autocorrelation function of the bond-orientational order. Our findings confirm the
isomorph-theory prediction that structure is approximately isomorph invariant in reduced
units, thus demonstrating that this property is not limited to the RDF [18,20,22]. On this
background, the poor isomorph invariance of the bicapped 11A structure of the KA system
reported in Ref. [40] represents an interesting exception. With isomorph theory in mind, the
finding that this particular structure is not isomorph invariant indicates that its prevalence
may not be important for the dynamics of the KA system, which is isomorph invariant.
This argument illustrates that a breakdown of an isomorph-theory prediction can provide
important information about a system.
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Appendix A. Isomorph State-Point Data

We here give density ρ, temperature T, virial potential-energy correlation coefficient
R, and density-scaling exponent γ of the state points studied on isomorphs.

Table A1. Selected LJ state points of isomorph 1 (top) and isomorph 2 (bottom) (Figures 1 and 2).

ρ T R γ

1.000 2.000 0.994 5.021
1.050 2.545 0.995 4.881
1.100 3.186 0.997 4.768
1.150 3.930 0.997 4.676
1.200 4.788 0.998 4.608
1.250 5.772 0.998 4.544

0.850 0.600 0.956 5.895
0.900 0.832 0.979 5.564
0.950 1.116 0.987 5.293
1.000 1.458 0.993 5.114
1.050 1.864 0.995 4.957
1.100 2.340 0.996 4.827
1.150 2.894 0.997 4.733
1.200 3.534 0.998 4.653

Table A2. Selected Wahnström state points of the (ρ, T) = (0.85, 1.2) reference-state-point isomorph
(top) and the (ρ, T) = (0.85, 2.0) reference-state-point isomorph (bottom) (Figures 3–5).

ρ T R γ

0.75 0.646 0.982 5.050
0.80 0.893 0.990 4.911
0.85 1.200 0.994 4.785
0.90 1.572 0.996 4.681
0.95 2.018 0.997 4.596
1.00 2.549 0.998 4.525
1.50 14.738 0.999 4.205
2.00 48.610 0.999 4.110

0.65 0.493 0.936 5.600
0.70 0.748 0.977 5.364
0.75 1.076 0.988 5.106
0.80 1.489 0.993 4.912
0.85 2.000 0.995 4.772
0.90 2.620 0.997 4.659
0.95 3.364 0.998 4.573
1.00 4.248 0.998 4.505
1.50 24.564 0.999 4.197
2.00 81.016 0.999 4.105
2.50 201.615 0.999 4.066
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Table A3. Selected KA state points of the four isomorphs (Figures 6–8).

ρ T R γ

1.200 0.500 0.939 5.158
1.403 1.091 0.983 4.784
1.607 2.058 0.993 4.568
1.810 3.520 0.997 4.424
2.001 5.461 0.998 4.339

1.200 0.750 0.958 5.149
1.400 1.601 0.988 4.774
1.600 2.966 0.995 4.552
1.800 5.009 0.997 4.415
2.000 7.916 0.999 4.324

1.200 1.000 0.968 5.111
1.400 2.126 0.990 4.743
1.600 3.929 0.996 4.530
1.800 6.625 0.998 4.399
2.000 10.459 0.999 4.311

1.200 1.200 0.973 5.081
1.400 2.542 0.992 4.721
1.600 4.689 0.996 4.514
1.800 7.897 0.998 4.387
2.000 12.459 0.999 4.303

Table A4. Selected NiY2 mixture state points of the isomorph (Figures 9–12).

ρ T R γ

1.30 1.000 0.959 5.270
1.40 1.461 0.980 5.083
1.50 2.050 0.988 4.889
1.70 3.689 0.995 4.645
2.00 7.640 0.998 4.430
2.50 19.965 0.999 4.253
3.00 42.877 0.999 4.173
3.50 81.086 0.999 4.123

References
1. Bernal, J.D. The Bakerian Lecture, 1962. The Structure of Liquids. Proc. R. Soc. Lond. Ser. A 1964, 280, 299–322.
2. Wong, J.; Angell, C.A. Glass Structure by Spectroscopy; Marcel Dekker: New York, NY, USA, 1976.
3. Elliott, S.R. Medium-range structural order in covalent amorphous solids. Nature 1991, 354, 445–452. [CrossRef]
4. Gutzow, I.; Schmelzer, J. The Vitreous State: Thermodynamics, Structure, Rheology, and Crystallization; Springer: Berlin/Heidelberg,

Germany, 1995.
5. Debenedetti, P.G. Structure, Dynamics and Thermodynamics in Complex Systems: Theoretical Challenges and Opportunities.

AICHE J. 2005, 51, 2391–2395. [CrossRef]
6. Cheng, Y.Q.; Ma, E. Atomic-level structure and structure—Property relationship in metallic glasses. Prog. Mater. Sci. 2011,

56, 379–473. [CrossRef]
7. Coslovich, D. Locally preferred structures and many-body static correlations in viscous liquids. Phys. Rev. E 2011, 83, 051505.

[CrossRef] [PubMed]
8. Banerjee, A.; Sengupta, S.; Sastry, S.; Bhattacharyya, S.M. Role of Structure and Entropy in Determining Differences in Dynamics

for Glass Formers with Different Interaction Potentials. Phys. Rev. Lett. 2014, 113, 225701. [CrossRef]
9. Böhmer, R.; Gainaru, C.; Richert, R. Structure and dynamics of monohydroxy alcohols—Milestones towards their microscopic

understanding, 100 years after Debye. Phys. Rep. 2014, 545, 125–195. [CrossRef]
10. Royall, C.P.; Williams, S.R. The role of local structure in dynamical arrest. Phys. Rep. 2015, 560, 1–75. [CrossRef]

http://doi.org/10.1038/354445a0
http://dx.doi.org/10.1002/aic.10657
http://dx.doi.org/10.1016/j.pmatsci.2010.12.002
http://dx.doi.org/10.1103/PhysRevE.83.051505
http://www.ncbi.nlm.nih.gov/pubmed/21728538
http://dx.doi.org/10.1103/PhysRevLett.113.225701
http://dx.doi.org/10.1016/j.physrep.2014.07.005
http://dx.doi.org/10.1016/j.physrep.2014.11.004


Molecules 2021, 26, 1746 17 of 18

11. Cubuk, E.D.; Ivancic, R.J.S.; Schoenholz, S.S.; Strickland, D.J.; Basu, A.; Davidson, Z.S.; Fontaine, J.; Hor, J.L.; Huang, Y.R.; Jiang,
Y.; et al. Structure-property relationships from universal signatures of plasticity in disordered solids. Science 2017, 358, 1033–1037.
[CrossRef] [PubMed]

12. Gangopadhyay, A.; Kelton, K. Recent progress in understanding high temperature dynamical properties and fragility in metallic
liquids, and their connection with atomic structure. J. Mater. Res. 2017, 32, 2638–2657. [CrossRef]

13. Wei, D.; Yang, J.; Jiang, M.Q.; Dai, L.H.; Wang, Y.J.; Dyre, J.C.; Douglass, I.; Harrowell, P. Assessing the utility of structure in
amorphous materials. J. Chem. Phys. 2019, 150, 114502. [CrossRef]

14. Dyre, J.C. The Glass Transition and Elastic Models of Glass-Forming Liquids. Rev. Mod. Phys. 2006, 78, 953–972. [CrossRef]
15. Dyre, J.C. Master-equation approach to the glass transition. Phys. Rev. Lett. 1987, 58, 792–795. [CrossRef] [PubMed]
16. Schrøder, T.B.; Dyre, J.C. Simplicity of condensed matter at its core: Generic definition of a Roskilde-simple system. J. Chem. Phys.

2014, 141, 204502. [CrossRef]
17. Dyre, J.C. Simple liquids’ quasiuniversality and the hard-sphere paradigm. J. Phys. Condens. Matter 2016, 28, 323001. [CrossRef]

[PubMed]
18. Dyre, J.C. Perspective: Excess-entropy scaling. J. Chem. Phys. 2018, 149, 210901. [CrossRef]
19. Dyre, J.C. Isomorph theory beyond thermal equilibrium. J. Chem. Phys. 2020, 153, 134502. [CrossRef]
20. Gnan, N.; Schrøder, T.B.; Pedersen, U.R.; Bailey, N.P.; Dyre, J.C. Pressure-energy correlations in liquids. IV. “Isomorphs” in liquid

phase diagrams. J. Chem. Phys. 2009, 131, 234504. [CrossRef] [PubMed]
21. Ingebrigtsen, T.S.; Schrøder, T.B.; Dyre, J.C. Isomorphs in Model Molecular Liquids. J. Phys. Chem. B 2012, 116, 1018–1034.

[CrossRef]
22. Dyre, J.C. Hidden scale envariance in condensed matter. J. Phys. Chem. B 2014, 118, 10007–10024. [CrossRef]
23. Hummel, F.; Kresse, G.; Dyre, J.C.; Pedersen, U.R. Hidden scale invariance of metals. Phys. Rev. B 2015, 92, 174116. [CrossRef]
24. Costigliola, L.; Pedersen, U.R.; Heyes, D.; Schrøder, T.B.; Dyre, J.C. Communication: Simple liquids’ high-density viscosity. J.

Chem. Phys. 2018, 148, 081101. [CrossRef]
25. Rosenfeld, Y. Relation between the transport coefficients and the internal entropy of simple systems. Phys. Rev. A 1977,

15, 2545–2549. [CrossRef]
26. Allen, M.P.; Tildesley, D.J. Computer Simulation of Liquids; Oxford Science Publications: Oxford, UK, 1987.
27. Hansen, J.P.; McDonald, I.R. Theory of Simple Liquids: With Applications to Soft Matter, 4th ed.; Academic Press: New York, NY,

USA, 2013.
28. Bailey, N.P.; Pedersen, U.R.; Gnan, N.; Schrøder, T.B.; Dyre, J.C. Pressure-energy correlations in liquids. I. Results from computer

simulations. J. Chem. Phys. 2008, 129, 184507. [CrossRef] [PubMed]
29. Ingebrigtsen, T.S.; Schrøder, T.B.; Dyre, J.C. What is a simple liquid? Phys. Rev. X 2012, 2, 011011. [CrossRef]
30. Schrøder, T.B.; Gnan, N.; Pedersen, U.R.; Bailey, N.P.; Dyre, J.C. Pressure-energy correlations in liquids. V. Isomorphs in

generalized Lennard–Jones systems. J. Chem. Phys. 2011, 134, 164505. [CrossRef] [PubMed]
31. Albrechtsen, D.E.; Olsen, A.E.; Pedersen, U.R.; Schrøder, T.B.; Dyre, J.C. Isomorph Invariance of the Structure and Dynamics of

Classical Crystals. Phys. Rev. B 2014, 90, 094106. [CrossRef]
32. Costigliola, L.; Schrøder, T.B.; Dyre, J.C. Freezing and melting line invariants of the Lennard–Jones system. Phys. Chem. Chem.

Phys. 2016, 18, 14678–14690. [CrossRef]
33. Bacher, A.K.; Schrøder, T.B.; Dyre, J.C. The EXP pair-potential system. II. Fluid phase isomorphs. J. Chem. Phys. 2018, 149, 114502.

[CrossRef]
34. Friedeheim, L.; Dyre, J.C.; Bailey, N.P. Hidden scale invariance at high pressures in gold and five other face-centered-cubic metal

crystals. Phys. Rev. E 2019, 99, 022142. [CrossRef]
35. Pedersen, U.R.; Bacher, A.K.; Schrøder, T.B.; Dyre, J.C. The EXP pair-potential system. III. Thermodynamic phase diagram. J.

Chem. Phys. 2019, 150, 174501. [CrossRef]
36. Tolias, P.; Castello, F.L. Isomorph-based empirically modified hypernetted-chain approach for strongly coupled Yukawa

one-component plasmas. Phys. Plasmas 2019, 26, 043703. [CrossRef]
37. Saw, S.; Dyre, J.C. Structure of the Lennard–Jones liquid estimated from a single simulation. Phys. Rev. E 2021, 103, 012110.

[CrossRef] [PubMed]
38. Ingebrigtsen, T.S.; Tanaka, H. Effect of size polydispersity on the nature of Lennard–Jones liquids. J. Phys. Chem. B 2015,

119, 11052–11062. [CrossRef]
39. Ingebrigtsen, T.S.; Tanaka, H. Effect of energy polydispersity on the nature of Lennard–Jones liquids. J. Phys. Chem. B 2016,

120, 7704–7713. [CrossRef] [PubMed]
40. Malins, A.; Eggers, J.; Royall, C.P. Investigating Isomorphs with the Topological Cluster Classification. J. Chem. Phys. 2013,

139, 234505. [CrossRef]
41. Kob, W.; Andersen, H.C. Testing mode-coupling theory for a supercooled binary Lennard–Jones mixture I: The van Hove

correlation function. Phys. Rev. E 1995, 51, 4626–4641. [CrossRef]
42. Lennard–Jones, J.E. On the determination of molecular fields. I. From the variation of the viscosity of a gas with temperature.

Proc. R. Soc. Lond. A 1924, 106, 441–462.

http://dx.doi.org/10.1126/science.aai8830
http://www.ncbi.nlm.nih.gov/pubmed/29170231
http://dx.doi.org/10.1557/jmr.2017.253
http://dx.doi.org/10.1063/1.5064531
http://dx.doi.org/10.1103/RevModPhys.78.953
http://dx.doi.org/10.1103/PhysRevLett.58.792
http://www.ncbi.nlm.nih.gov/pubmed/10035038
http://dx.doi.org/10.1063/1.4901215
http://dx.doi.org/10.1088/0953-8984/28/32/323001
http://www.ncbi.nlm.nih.gov/pubmed/27345623
http://dx.doi.org/10.1063/1.5055064
http://dx.doi.org/10.1063/5.0024212
http://dx.doi.org/10.1063/1.3265957
http://www.ncbi.nlm.nih.gov/pubmed/20025332
http://dx.doi.org/10.1021/jp2077402
http://dx.doi.org/10.1021/jp501852b
http://dx.doi.org/10.1103/PhysRevB.92.174116
http://dx.doi.org/10.1063/1.5022058
http://dx.doi.org/10.1103/PhysRevA.15.2545
http://dx.doi.org/10.1063/1.2982247
http://www.ncbi.nlm.nih.gov/pubmed/19045414
http://dx.doi.org/10.1103/PhysRevX.2.011011
http://dx.doi.org/10.1063/1.3582900
http://www.ncbi.nlm.nih.gov/pubmed/21528971
http://dx.doi.org/10.1103/PhysRevB.90.094106
http://dx.doi.org/10.1039/C5CP06363A
http://dx.doi.org/10.1063/1.5043548
http://dx.doi.org/10.1103/PhysRevE.99.022142
http://dx.doi.org/10.1063/1.5094395
http://dx.doi.org/10.1063/1.5089663
http://dx.doi.org/10.1103/PhysRevE.103.012110
http://www.ncbi.nlm.nih.gov/pubmed/33601502
http://dx.doi.org/10.1021/acs.jpcb.5b02329
http://dx.doi.org/10.1021/acs.jpcb.6b05486
http://www.ncbi.nlm.nih.gov/pubmed/27434103
http://dx.doi.org/10.1063/1.4830416
http://dx.doi.org/10.1103/PhysRevE.51.4626


Molecules 2021, 26, 1746 18 of 18

43. Bailey, N.P.; Ingebrigtsen, T.S.; Hansen, J.S.; Veldhorst, A.A.; Bøhling, L.; Lemarchand, C.A.; Olsen, A.E.; Bacher, A.K.; Costigliola,
L.; Pedersen, U.R.; et al. RUMD: A general purpose molecular dynamics package optimized to utilize GPU hardware down to a
few thousand particles. Scipost Phys. 2017, 3, 038. [CrossRef]

44. Rycroft, C.H.; Grest, G.S.; Landry, J.; Bazant, M.Z. Analysis of granular flow in a pebble-bed nuclear reactor. Phys. Rev. E 2006,
74, 021306. [CrossRef]

45. Rycroft, C.H. Voro++: A three-dimensional Voronoi cell library in C++. Chaos 2009, 19, 041111. [CrossRef] [PubMed]
46. Wahnström, G. Molecular-dynamics study of a supercooled two-component Lennard–Jones system. Phys. Rev. A 1991, 44, 3752.

[CrossRef] [PubMed]
47. Bøhling, L.; Ingebrigtsen, T.S.; Grzybowski, A.; Paluch, M.; Dyre, J.C.; Schrøder, T.B. Scaling of viscous dynamics in simple

liquids: Theory, simulation and experiment. New J. Phys. 2012, 14, 113035. [CrossRef]
48. Ingebrigtsen, T.S.; Bøhling, L.; Schrøder, T.B.; Dyre, J.C. Thermodynamics of Condensed Matter with Strong Pressure-Energy

Correlations. J. Chem. Phys. 2012, 136, 061102. [CrossRef]
49. Costigliola, L.; Heyes, D.M.; Schrøder, T.B.; Dyre, J.C. Revisiting the Stokes–Einstein relation without a hydrodynamic diameter.

J. Chem. Phys. 2019, 150, 021101. [CrossRef]
50. Frank, F.C.; Kasper, J.S. Complex alloy structures regarded as sphere packings. I. Definitions and basic principles. Acta

Crystallograph. 1958, 11, 184–190. [CrossRef]
51. Frank, F.C. Supercooling of Liquids. Proc. R. Soc. Lond. A 1952, 215, 43–46.
52. Pedersen, U.R.; Schrøder, T.B.; Dyre, J.C.; Harrowell, P. Geometry of slow structural fluctuations in a supercooled binary alloy.

Phys. Rev. Lett. 2010, 104, 105701. [CrossRef]
53. Pedersen, U.R.; Douglass, I.; Harrowell, P. How a supercooled liquid borrows structure from the crystal. J. Chem. Phys. 2021,

154, 054503. [CrossRef]
54. Rahman, A. Liquid Structure and Self-Diffusion. J. Chem. Phys. 1966, 45, 2585–2592. [CrossRef]
55. Tanemura, M.; Hiwatari, Y.; Matsuda, H.; Ogawa, T.; Ogita, N.; Ueda, A. Geometrical Analysis of Crystallization of the Soft-Core

Model. Prog. Theor. Phys. 1977, 58, 1079–1095. [CrossRef]
56. Steinhardt, P.J.; Nelson, D.R.; Ronchetti, M. Bond-orientational order in liquids and glasses. Phys. Rev. B 1983, 28, 784–805.

[CrossRef]
57. Valle, R.G.D.; Gazzillo, D.; Frattini, R.; Pastore, G. Microstructural analysis of simulated Ni33Y67 glass. Phys. Rev. B 1994,

49, 12625–12632. [CrossRef]
58. Coslovich, D.; Pastore, G. Understanding fragility in supercooled Lennard–Jones mixtures. II. Potential energy surface. J. Chem.

Phys. 2007, 127, 124505. [CrossRef] [PubMed]
59. Toxvaerd, S.; Dyre, J.C. Communication: Shifted forces in molecular dynamics. J. Chem. Phys. 2011, 134, 081102. [CrossRef]

[PubMed]

http://dx.doi.org/10.21468/SciPostPhys.3.6.038
http://dx.doi.org/10.1103/PhysRevE.74.021306
http://dx.doi.org/10.1063/1.3215722
http://www.ncbi.nlm.nih.gov/pubmed/20059195
http://dx.doi.org/10.1103/PhysRevA.44.3752
http://www.ncbi.nlm.nih.gov/pubmed/9906392
http://dx.doi.org/10.1088/1367-2630/14/11/113035
http://dx.doi.org/10.1063/1.3685804
http://dx.doi.org/10.1063/1.5080662
http://dx.doi.org/10.1107/S0365110X58000487
http://dx.doi.org/10.1103/PhysRevLett.104.105701
http://dx.doi.org/10.1063/5.0033206
http://dx.doi.org/10.1063/1.1727978
http://dx.doi.org/10.1143/PTP.58.1079
http://dx.doi.org/10.1103/PhysRevB.28.784
http://dx.doi.org/10.1103/PhysRevB.49.12625
http://dx.doi.org/10.1063/1.2773720
http://www.ncbi.nlm.nih.gov/pubmed/17902919
http://dx.doi.org/10.1063/1.3558787
http://www.ncbi.nlm.nih.gov/pubmed/21361519

	Introduction
	Results and Discussion
	Standard Lennard–Jones System
	Binary Lennard–Jones Mixtures
	Wahnström Mixture
	Kob–Andersen Mixture
	 NiY2 Mixture


	Summary
	 Isomorph State-Point Data
	References

