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Abstract

The twelfth-century Iberian Liber mahamaleth was discovered and described
by Jacques Sesiano in 1986; in 2010, a critical edition of the work was
produced by Anne-Marie Vlasschaert. Both agreed that the title of the work
reflects Arabic mu‘amalat, “[the mathematics of] social intercourse”; that
the work goes beyond muamalat mathematics by integrating its material
with proofs in Euclidean style; and that it is an independent creative
compilation, not a translation of a single work. Charles Burnett has
suggested the compiler-author to be Gundisalvi.

The present paper delineates the development of the notion of
mu‘amalat as a branch of practical arithmetic from the early ninth through
the mid-twelfth century and locates the contents of the Liber mahamaleth
with more precision in respect to it, using also Castilian and related early
Italian abbacus material as well as Gundisalvi’s De divisione philosophiae.
Analysis of that aspect of the text that clearly falls outside the mu<amalat
tradition leads to the conclusion that the Liber mahamaleth is a translation
of what Gundisalvi speaks of as “the book which in Arabic is called
Mahamalech”, and that the integration of mu‘amalat material with the
techniques of theoretical mathematics was thus a product of al-Andalus
culture and not of the Latin translation movement.

In the end two other pieces of sophisticated theoretical arithmetic
known only from Latin and Romance vernacular sources — a systematic
scrutiny of certain properties of the Nicomachean means and an
examination of a particular type of complex series — are shown also to be
plausible products of that phase of al-Andalus learned culture where it
influenced Hebrew and Latin much more than later Arabic learning.
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To Gold-Stone

At the first Maghreb Symposium on the History of Arabic Mathematics
in 1986, Jacques Sesiano revealed his discovery of the Liber mahamaleth and
presented an analysis of the work (published in [1988]). The publication
announced an edition, which however never appeared; but in a number
of other publications he has referred to the treatise.!"

Instead, a preliminary edition of the work was contained in Anne-Marie
Vlasschaert’s PhD thesis (2002-2003), while a completed version from her
hand appeared in [2010].

Sesiano and Vlasschaert agree that the title refers to the Arabic concept
mu‘amalat, “[the mathematics of] social intercourse”,@ and that it
represents either a translation or a calque of Arabic Kitab al-mu‘amalat. Both
also agree that the creator of the Latin text is either a creative compiler
or to be characterized as a genuine author (relying of course on previous
material, in the likeness of almost any mathematical author in history).

In [1988: 70], Sesiano thought the treatise was written in Castile during
the second half of the twelfth century by an author “about whose name
it is not even possible to formulate conjectures”.B! In [1993: 215] and [2000:
71] he identified the author as Johannes Hispalensis, without presenting
his arguments,™ which in [2001: 10] becomes “composed no doubt by
Johannes Hispalensis (Jean de Seville) around 1240 in Seville”. He still does
not explain the origin of this conviction, but it is probably related to what
is told in [Burnett, Zhao & Lampe 2007: 145]: that the Liber mahamaleth
“shares passages both with the De divisione philosophiae of the archdeacon

'In [Sesiano 1987], about the “slanted ladder” problems; in [Sesiano 1993: 315],
a passing reference; and in [2001: 10-13], a discussion of some of the algebraic
problems solved in the work, and an observation about the absence of a perceptible
impact; maybe also elsewhere.

2Except when specified below, | disregard the much broader use of the term in
the legal-religious tradition accounted for in [Bernand 1993], which in any case
Is not directly relevant to the Liber mahamaleth.

3Trans. JH - as all translations in the following with no identified translator.

*1 may of course have overlooked an intermediate publication from his hand giving
the arguments, for which 1 shall then apologize.
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resident at Toledo cathedral, Dominicus Gundissalinus (d. after 1180) and
with the Toledan regule” ascribed, precisely, to Johannes Hispalensis
[Boncompagni 1857hb:25; Burnett 2002: 64] and probably written around
1147. On the same basis, however, Burnett [2002], points to Gundisalvi as
the likely author; Vlasschaert [2010: ,27-30] tends to follow him. This would
return the date to Sesiano’s original suggestion, which was based on
internal evidence. It would also fit Gundisalvi’s very free use of Arabic
material in independent writings such as his De divisione philosophiae [ed.
Baur 1903] (and even his far from faithful translation style as evident in
his version of al-Farabi’s Catalogue [ed. Palencia 1953: 87-115]).

The developing range of mu‘amalat mathematics

It is quite obvious that much of the contents of the Liber mahamaleth
does come from the mu‘amalat-tradition, while another part comes from
sources that have little to do with “[the mathematics of] social
intercourse” — not least the copiously present demonstrations and the use
of techniques borrowed from the Elements (with reference to book and
proposition), but also the metatheoretical introduction about the nature
of number. This is discussed by both Sesiano and Vlasschaert, and | shall
add nothing on that account. However, as both recognize, their
considerations do not exhaust the question about the sources of the work
and its relations to Arabic mu‘amalat, in particular because contemporary
writings on similar matters from al-Andalus have not survived, or in any
case have not been identified. On the other hand, comparison with other
sources will allow us to gain more insight or at least to locate the open
questions with more precision.

The question inherent in the phrase “mu‘amalat and otherwise”
presupposes that mu‘amalat is something well-defined. This is likely to
a mistake - cf. also [Vlasschaert 2010: 9 n.9]. It seems obvious, however,
that mu‘amalat when used about a particular type of mathematics is a
category impressed from outside, not a notion used by its practitioners.
Merchant’s and their ilk are not likely to have thought of their calculations
as “[the mathematics of] social intercourse” but simply as hisab,
“computation”, if at all characterizing them - in a Norwegian merchants’
“mirror” from c. 1195, all the father has to say about calculation when

-2



admonishing his son is “practise [gerdu/*“do’’] number skill [tolvisan] well,
that is much needed by merchants” [ed. Keyser et al 1848: 7]. Muamalat
in this sense is almost certainly a scholars’ category,” as reflected in its
very first known appearance: in al-Khwarizmi’s Algebra [ed. Rosen 1831.:
A48; Rashed 2007: 97]. Here, mu“amalat stands for the rule of three and
nothing but that; in particular, inheritance calculations are not included
but treated later in the work. It is likely but not certain that the term was
taken over and twisted by al-Khwarizmi himself when he found himself
in need of an adequate chapter heading: in eighth-century Iraq, the term
mu‘amalah seems to have been used mostly about “the arithmetical
determination of transactions and credit operations concerning the
cultivations of the Arabic regions inhabited by the umma” and about
subterfuges by which interest could be disguised as legal business [Bernand
1993: 256] - topics that clearly go beyond the rule of three and are much
more juridically specific.

The tenth and the early eleventh century gives us more information
about what was (by then, not necessarily in the early ninth century)
understood under mu‘amalat.

Al-Farabl, in lhsa’ al-‘ulum [ed. trans. Palencia 1953: ,54, 39] speaks
of “muramalat of cities and market places” under practical arithmetic and
says nothing more. The Brethren of Purity, in their Letters, list “the sciences
of hisab and muamalat” just after the sciences “of language and grammar”
and just before those of “poetry and prosody” in a list of sciences based

>“Scholars” in this sense fall into two groups: those who also wrote about
astronomical matters and are characterized as “mathematicians” by modern
historians of science, and legal scholars writing about mathematical matters that
might be of judicial interest.

®1t would be easier to be sure about al-Khwarizmi’s creative role if we possessed
at least a date for ibn Turk’s work about muamalat; but all al-Nadim gives in the
Fihrist [trans. Dodge 1970: 664; Suter 1900: 18 n.a] is the title, and an extremely
vague suggestion that it may be a short work (it is not told to be subdivided but
stands as the neighbour of a compilation about the totality of hisab which is said
to be divided into “six sections”). The title may even be spurious — Suter suspects
ibn Turk’s mu“amalat item to be a contamination taken over from the ascription
of a work with the same title to his grandson a few lines later.
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on “the pursuit of a living and a just life in the present world” [Rebstock
1992: 13]. Later in the century, al-Amir offers somewhat more precision,
if not about the mathematics involved then at least about which kinds of
transactions are implied — namely all of those that a judge might get
involved in: sale and lease, marriage and divorce, complaint and legal
proof, deposits and loans, and legacies and inheritance [Rebstock 1992:
27]. Like al-Farabi and the Brethren he counts this as a branch of
mathematics. None of them suggests anything beyond the strictly
utilitarian. Nor do they necessarily rule out interest in “supra-utilitarian”
matters, but explicit interest in proof seems to be excluded by the listing
under practical as opposed to theoretical arithmetic.

We learn details from ibn al-Haytham’s Treatise on mu“amalat-calculation
[ed., trans. Rebstock 1996], which contains nothing supra-utilitarian. It starts
by a long explanation of numerical calculation, with much space allotted
to fractions (including fractions of fractions and ascending continued

fractions such as 1_10+%-1_10), then gives a brief exposition of the rule of

three — as normal among Arabic mathematicians explained as a
proportional relation between four numbers of which three are known and
one is unknown. Finally this rule (mostly in the shape where one of the
numbers is one) is applied to a few examples: proportional division of a
harvest; transformation of goods into monetary value; land taxation;
conversion of gold weight into monetary units; wages; palm tax; and fodder
for animals.

On the other hand Abu Kamil, when submitting the supra-utilitarian
problem of the “hundred fowls” to theoretical analysis [ed. Suter 1910]
speaks of it as a kind of hisab, belonging more specifically to the “rarities”
(tara’if) of this field, and does not refer at all to the mu“amalat.

So, until the early eleventh century, mu‘amalat calculation seems to
concern the transactions really occurring in social life — but already much
more than the mere rule of three.

"That is, problems that according to their topic seem to deal with practical life but
which present a mathematical structure or a degree of complexity that would never
occur in practice. Most “recreational problems” belong to this category.
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Muamalat in al-Andalus

This is a far cry from the Liber mahamaleth, which not only dedicates
much attention to Euclidean proofs but also abounds in supra-utilitarian
guestions. However, it is quite possible that the term mu‘amalat was
understood differently in al-Andalus in the twelfth century, as suggested
by Vlasschaert [2010: ,9 n.9].®! Unfortunately, none of the treatises that
were written about the topic in the Maghreb (in the original sense
encompassing al-Andalus) have survived [Djebbar 2001: 328]. However,
we have one description of the field, or rather of the contents of a book
dealing with it. In Gundisalvi’s De divisione philosophiae, the branches of
practical arithmetic are listed: purchase and sale, barter, lease, payment
and saving, measurement of depths and widths and heights and other
extensions of things. “All these are sufficiently dealt with in the book which
in Arabic is called Mahamalech” [ed. Baur 1903: 93].!

Ahmed Djebbar, in order to know about al-Andalus muamalat, suggests
that we look at the Liber mahamaleth, but for the present question this would
lead nowhere but into a vicious circle. So, what independent sources do
we have for the character of Ibero-Islamic practical arithmetic?

We have none that characterize themselves in a way that suggests
mu‘amalat-calculation, so we have to be satisfied with what might reflect
the practice of hisab in al-Andalus. What Gundisalvi says about “the book
which in Arabic is called Mahamalech™ gives firm support to this approach.

Unfortunately, even books about hisab in Arabic from al-Andalus have
not survived, nor anything in Romance languages from the twelfth or
thirteenth centuries. But we have two Castilian works from the fourteenth

® And not only in al-Andalus. In ibn Thabat’s Ghunyat al-Hussab (“Treasures of the
Calculators”), written around 1200 cke in Baghdad, the mu“amalat-chapter [ed., trans.
Rebstock 1993: 43-80] includes the supra-utilitarian “rarities” (here nawadir)
belonging to the domain. The larger range of the concept seems to reflect the
passage of time, not the split East/\West.

% Since all manuscripts used by Ludwig Baur for the edition go back to a single
“probably already secondary and error-ridden” archetype [Baur 1903: 154], it is
guite possible that the original had Liber mahamaleth. Fortunately, however, the
spelling with ¢ allows us to distinguish this Arabic treatise from the Latin
compilation.
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and fifteenth century and evidence that at least one of them has its roots
in the Iberian first half of the thirteenth century or earlier, not in the Italian
abbacus environment (which would make it irrelevant for the present
purpose).

One of them is a small fifteenth-century treatise De arismetica, described
with texts excerpts in Caunedo del Potro 2010.1% It is hardly in pure
Iberian tradition — that would be astonishing in view of the late date; but
as far as its contents is concerned it might well be, to judge from Caunedo
del Potro’s description and excerpts. What can be seen from Caunedo del
Potro’s analysis is, firstly, that the manipulation of fractions is by far the
most important technique; secondly, that the topics dealt with are just as
bound to real social life as in ibn al-Haytham’s treatise.™ This agrees
with the natural expectation that mu‘amalat in the restricted tenth-century
style was still part of the Iberian tradition, but is not particularly
informative.

The other treatise teaches us more. It is a Libro de arismética que es dicho
alguarismo, “Book about Arithmetic That is Called Algorism”, written in
1393. It is known from a sixteenth-century copy and builds on material
from no later than the early fourteenth century. It was edited by Caunedo
del Potro in [Caunedo del Potro & Cordoba de la Llave 2000].

In agreement with its being characterized as an “algorism”, the treatise
starts by introducing the Hindu-Arabic numerals and the appurtenant
computational techniques. Next come, not very orderly, problems, many
of them of the classical supra-utilitarian types, mixed up with various rules.
Particularly striking is the formulation of the rule of three as a “rule if so

1 Actually, Betsabé Caunedo del Potro does not tell the precise age of the
manuscript, which may be uncertain, discussing it merely in the context of the
fifteenth century; but the orthography fits the fourteenth or fifteenth century, and
the manuscript is bound together with another one dated to around 1450 [Caunedo
del Potro 2004: 41 n.30]

1 According to Caunedo del Potro, 2 out of 48 problems are treated by means of
“operaciones elementales”, 4 by means of “proporciones” (probably the rule of three
or one of its equivalents), and 42 by means of manipulation of fractions. The topics
dealt with are numerical computation (20 problems); mental computation (2); prices
of goods (16); distribution of money (2); alloying (2); interest (5); and equivalence
of coins (1).
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much were so much, what would so much be” (p. 146, referred to under
this name on pp. 181, 183, and 188). The rule prescribes to arrange the three
known numbers sequentially and to multiply then the second by the third,
dividing finally by the first. This linear organization is strikingly different
from that ordering in a rectangular scheme which is used in Fibonacci’s
Liber abbaci and which is also reflected in the mistranslation of mubayin
(meaning “different [in kind]”) as “opposite” by both Gherardo [ed. Hughes
1986: 255] and Robert of Chester [ed. Hughes 1989: 64] in their translations
of al-Khwarizmi’s treatment of the topic. In contrast, it correspond perfectly
to the Sanskrit versions of the rule — but the idea is too close at hand and
the distance too large for this coincidence to serve as evidence of diffusion,
in particular in the absence of known intermediaries.

There are also a number of rules for the arithmetic of mixed numbers
and composite fractions — for instance p. 182, “if you want to multiply
integer and fraction and fraction of fraction in integer and fraction of
fraction”.'@ Clearly, this idea comes from the Arabic use of ascending
continued fractions. However, while Fibonacci’s presentation of these never
caught on (for which reason we can be sure that the concept was not
reimported from Italy), here they are put to good use, as a way to deal
with units, subunits and sub-sub-units - it is immediately explained that
“this is as if they said to you to multiply 5 quintals of iron and three
arrobas and 6 pounds at 25 maravedi, 7 dinars and 4 medias the
quintal” ™

The inference that the Libro ... dicho alguarismo represents a direct
continuation of an Iberian tradition and not a mere import from Italy is
supported by evidence that commercial arithmetic was written about in
Castilian at least before 1228 and probably before 1202 (the dates of the
second and the first edition of the Liber abbaci, respectively). This evidence
is found in the thirteenth-century Vatican manuscript Palat. 1343, one of
the earliest manuscripts of the Liber abbaci.**! On fol. 47 (new foliation)

12«3y quisyeres multiplicar sano e roto e roto de roto en sano e roto de roto”.

13 “como sy te dixiesen que multiplicases 5 quintales de fierro e 3 arrovas e 6 libras

a 25 maravedis a 7 dineros e 4 medias el quintal”

“The text is incomplete, which is the likely reason Boncompagni did not use it
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Fibonacci here tells to have used a work by a “Castilian master” for his
chapter on barter (cf. [Boncompagni 1851: 32]).

... and In the Liber mahamaleth

We may now return to the Liber mahamaleth. Firstly, the abundance of
supra-utilitarian problems in the Libro ... dicho alguarismo makes it likely
that these had become part of the mucamalat tradition in al-Andalus, and
that the abundant presence of the genre in the Liber mahamaleth thus really
corresponds to what was habitual in the field it claims to present. Secondly,
the presence of ascending continued fractions in the Libro ... dicho alguarismo
confirms that the “integers with fractions and fractions of fractions” (for
instance, [ed. Vlasschaert ,2010: 33]) can also confidently be seen as a
continuation of their use in al-Andalus mu‘amalat (which is no surprise).

Thirdly, it throws light on the presentation of the rule of three in the
Liber mahamaleth, which is far from straightforward. At first it speaks of
the situation where we have “four proportional numbers of which three
are known and one is unknown” [ed. Vlasschaert 2010: ,185], which is quite
in the style of numerous Arabic expositions (cf. above on ibn al-Haytham).
Of these four numbers the first and the fourth are declared “partners”
(socii), and so are the second and the third. The partner of the unknown
number is then to divide one of the others, and the outcome to be
multiplied by the partner of the dividend; or the two known partners are
to be multiplied, and the outcome divided by the partner of the unknown
number (this, and not the variant where division comes first, is the rule
of three). The same formulation is found in the “Toledan regule” [ed.
Burnett, Zhao & Lampe 2007: 155], which as mentioned shares other
formulations with the Liber mahamaleth, but as far as | know it turns up
nowhere else in the world.

However, on the next page of the edition, under the heading “Buying
and selling”, we find a different formulation: multiply the middle in the
last, and divide the product by the first. This presupposes the same linear
arrangement as the Libro ... dicho alguarismo, which must then be assumed
to belong to the local muamalat legacy.

as the basis for his edition of the work.
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And then, on p. 216, we find another rule, “you should always multiply
with the thing that is of a different kind, neither the profit by the profit
nor the capital by the capital but the profit by the capital and conversely”.
This corresponds to al-Khwarizmi’s reference to what is mubayin, and also
to what is said in Sanskrit treatises from Bhaskara | onward and in many
Arabic presentations of the rule —and not least to the standard formulation
of the rule in Italian abbacus treatises.!**!

The question of algebra in muamalat

This leaves us with two major possible kinds of non-mu‘amalat
constituents of the Liber mahamaleth: algebra, and the many Euclidean
demonstrations. The latter, as said above, have been discussed by Sesiano
as well as Vlasschaert. They are clearly not borrowed from the muamalat-
tradition but a tool applied by the compiler-author to his borrowed material.
Let us therefore turn to algebra.

Copious blind cross-references leave no doubt that the original version
of the Liber mahamaleth contained an orderly presentation of algebra, and
correct cross-references to Abu Kamil’s algebra demonstrate that the
compiler-author was familiar with that work. Moreover, the observation
on p. 427 that an indeterminate problem is to be solved according to the
procedures of algebra but not according to Abu Kamil shows that the two
are not identical. Since al-Khwarizmi’s algebra does not deal with
indeterminate problems, this already seems to rule out that the orderly
presentation of the field was copied from al-Khwarizmi. This inference
Is confirmed on p. 209, where a solution secundum algebra makes use of
two unknowns, res and dragma, quite in the style of Arabic algebra from
the later ninth century onward (Abu Kamil makes use of the technique
in his discussion of the problem of the “hundred fowls” without suggesting

> Since this passage is only found in one manuscript, it could be suspected to be
interpolated. However, the manuscript in question is by far the earliest one (late
twelfth or possibly very early thirteenth century, Italian but made from a Toledan
model) [Vlasschaert 2010: 42]. The copyist seems moreover not to have been
mathematically competent (id. p. 44), which should rule out meaningful
interpolations.
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it to be his own invention [ed. trans. Suter 1910]); nothing similar, however,
can be found in al-Khwarizmu.

So, the algebra of the Liber mahamaleth is derived directly from Arabic
algebra, not from some translation into Latin (Abu Kamil’s algebra was
translated only in the fourteenth century, see [Sesiano 1993: 315]). But does
it belong to the mu‘amalat-tradition?

We have little evidence from elsewhere of algebra being integrated into
al-muamalat, or just into hisab. The exceptions | am aware of are
— Al-KarajI’s Kafl and Fakhri. In the Kafi [ed., trans. Hochheim 1878: lll,

14-27], a number of “noteworthy problems” are solved by means of

algebra, most of them dealing with topics from the (enlarged) mu‘amalat

area and the domain of practical geometry. Among the topics are wages
for a worker; *“give-and-take”; “purchase of a horse”; alloying;
partnership; taxation; payment in mixed coin. Most lead to first-degree
equations; in the end al-Karaji says that they have been taken from
various authors having a particular predilection for this genre.l*®
Woepcke’s paraphrase of the Fakhri [1853] unfortunately does not
always specify which topic hides behind his numerical equations,®*”]
but we find at least “give-and-take”, alloying and wages (some of them
strict parallels to problems from the Kafi). Besides that we find courier
problems (p. 82) with one courier moving with constant and the other
with arithmetically increasing speed, either starting at the same moment
or the latter with delay; if delay is involved, this leads to a three-term
guadratic equation. Several problems (p. 84, about wages and about
the prices of pieces of cloth) involve square roots of amounts of money.

'® Since al-Karaji excuses not to have praised and thanked these predecessors, we
may perhaps presume that he has borrowed not only the problems but also the
procedures by which they are solved. All the writings in question have been lost,
but if (if!) their procedures were really algebraic it would fit the impression given
by al-Karaji’s own algebraic terminology that he draws on a tradition that is
independent of al-Khwarizmi - cf. [Hgyrup 2001: 117 n.50].

" For instance, a piece of literal translation and Arabic text on p. 139 reveals that
a problem expressed in pure equations in X, y and z on p. 90 is actually a give-and-
take problem involving three men, and that it is solved by means of two unknowns,
“thing” and dirham (Woepcke translates the latter as “measure”).
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— Baha’ al-Din al-“Amili’s Khulasah al-hisab (“The Summary of Algebra™)
from c. 1600, whose chapter 8 presents the names of algebraic powers
together with the rules for the six basic cases, each provided with an
example, while the final chapter 10 lists nine problems “solved by
varying methods”; for six of these, one of the methods is simple first-
degree algebra, in one case (the pond-variant of the ladder-problem)
very simple second-degree algebra.

— lbn Badr’s lkhtisar al-jabr wa’l-mugabalah, written before 1344 (and after
Abu Kamil’s times), perhaps in al-Andalus [ed., trans. Sanchez Pérez
1916]18 — like the Fakhri an example of hisab being integrated into
algebra rather than the reverse (the title being, adequately, algebra).
Here, algebraic techniques are applied to a number of (mostly supra-
utilitarian) hisab-problems dealing with relatively determined gain and
absolutely defined alms; dowries; wheat and barley; soldiers taking
booty; couriers of which one goes with constant and the other with
arithmetically increasing speed or with constant speed but delay; “give-
and-take” between two or three possessions; purchase of cloth (with
the structure of a two-participant “purchase of a horse”); and geese
eating and dying off. Most are of the first degree, but in one of the
dowry problems a second dowry equals the square root of the first one,
and in another one it is equal to the root of the first dowry diminished
by one; the courier problems involving arithmetically increasing speed
are inherently of the second degree, but they lack the constant term
that arises in problems involving a delay. Several solutions make use
of two variables called thing and dinar.

Several of the supra-utilitarian problem types treated by ibn Badr are
also found in the Libro ... dicho alguarismo. At the general level this is not
strange, similar problems are found “everywhere” — also in al-Karaji, as
we have seen. Some details, however, are suggestive. Courier problems
involving arithmetical increase but without delay are found on pp. 163

¥ 1bn Badr’s treatise is known from a copy contained in a manuscript possessed
by the Escorial Library and written in an apparently Iberian hand in 1344 [Sanchez
Pérez 1916: xvi] — at least circumstantial evidence that ibn Badr’s work was known
in al-Andalus if not composed there.
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and 169 (3 problems in total);*¥ in all cases the solution is given
according to an unexplained rule, which could have been derived from
ibn Badr’s or some similar algebra. The same can be said about the give-
and-take problems. So, the circumstantial evidence for an Iberian presence
of ibn Badr’s work that follows from by manuscript location and hand is
bolstered by mathematical contents.

Further evidence that Iberian hisab had integrated algebra comes from
Italy. As mentioned, Fibonacci had used Castilian material for his chapter
on barter in the Liber abbaci, and the earliest extant abbacus text, the
“Columbia Algorism” [ed. Vogel 1977], written around 1285-90 (though
known from a fourteenth-century copy), has clear affinities to the Iberian
tradition.”” None of this, however, has to do with algebra (algebra is
certainly to be found in the Liber abbaci, but in a different chapter). What
concerns us is the earliest abbacus algebra, which is contained in the Vatican
manuscript of Jacopo da Firenze’s Tractatus algorismi from 1307 — and
what interest us in particular are the ten examples that illustrate the six
basic cases. Five of these are formulated as pure-number problems (three
about the “divided 107, two about numbers in given proportion); the five
others are supra-utilitarian mu‘amalat-problems, dealing with a partnership;

¥ In the first problem on p. 169, “el otro dia antia 3” is a writing error for “el otro
dia antia 27, either in the manuscript or in the edition.

2 For instance, it mostly presents rule-of-three solutions in the counterfactual form,
“if so much were so much, ...”, which was standard in the Ibero-Provencal area
but not done in later Italian abbacus books; cf. also [Heyrup 2005: 31 n.10, 42 n.
32]. For the dating, see [Hayrup 2007: 31 n. 70].

2! Discussion [Hayrup 2007: 100-121], edition pp. 304-331. Since the algebra chapter
is contained in the Vatican manuscript only and absent from the Florence and
Genova manuscripts, it could in principle be a secondary insertion. However, there
are good reasons to assume that the Vatican manuscript represents the original
faithfully, while the two other manuscripts (closely related to each other) derive
from an adapted version —the algebra chapter, among other things, shares stylistic
peculiarities with the other chapters in a way a secondary insertion would not do
(cf. [Hoyrup 2007: 6-25]). Be that as it may, the relation to other extant abbacus
algebras shows that it precedes all of these, and also precedes 1328 by years. For
simplicity, and since Jacopo is in any case known only as a name, | shall therefore
refer to it as “Jacopo’s algebra”.
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a loan; a give-and-take situation; profits on travels; and changing of
Florentine into Venetian coin (and back). The give-and-take problem
involves the square root of one of the possessions.

Jacopo wrote in Montpellier, and there are many reasons to believe
that he took much of his material, and in particular the algebra, not from
Montpellier itself but from somewhere in the Ibero-Provencal area — see
[Hayrup 2007: 168f]. There are no Arabisms in his work, as there always
are in first-generation medieval translations made from the Arabic. Mal
(“possession”), moreover, is translated censo, in agreement with what had
been the standard (as census) since 12th-century Iberian translations into
Latin, but which has no sense in Italian. Jacopo’s source tradition must
thus already have worked in a Romance language. Actually, Fibonacci
offers us evidence that algebra circulated in a Romance vernacular as early
as the later twelfth or the early thirteenth century (and since algebra was
unknown in lItaly, as can be seen from the earliest abbacus texts, where if
not in the Ibero-Provencal area?): when needing names for two unknowns
in the Flos [ed. Boncompagni 1862: 236], he calls the second res, the regular
translation of Arabic Say’ used technically since Robert of Chester’s
translation of al-Khwarizm1’s algebra. For the first unknown he chooses
causa, coinciding with the medieval Catalan spelling of “thing” [Costa Clos
& Tarrés Fernandez 1998: 41] but not meaning “thing” in Latin.[*?

All in all it is thus a reasonable assumption that algebra was integrated
in al-Andalus mu‘amalat, and that even quite artificial problems involving
square roots of real money were considered there. Since such problems
are also found in the Liber mahamaleth, it seems an obvious conclusion that
even this component of the book renders what the compiler-author found

It does have this meaning in Merovingian, Lombard and Carolingian Latin
[Niermeyer 1976: 159f; Du Cange et al 1883: Il, 240f]. This explains the origin of
the Catalan meaning as well as French chose, Italian cosa etc., which must all come
from vulgar Latin; but it does not appear to have been used in literate medieval
Latin in this sense elsewhere, in particular not where Fibonacci learned his Latin
(elsewhere, in fact, he only uses the word with the meaning “cause”).

Castilian cosa was also used for “thing” in the later Middle Ages — thus in the
Liber ... dicho alguarismo — and could of course have been re-latinized by Fibonacci.
The coinciding spellings are no proof that he took the word precisely from Catalan.
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in the Arabic tradition. This is also what | believed myself until | read the
book thoroughly for reviewing.

Algebra and proportion theory in the Liber mahamaleth

In order to see that it is a precipitate conclusion we will have to inspect
asequence of problems in detail. As an example we may look at a sequence
about “buying and selling” [ed. Vlasschaert 2010: ,193-211], following after
the basic problems about this matter that are solved by the rule of three
and its alternatives (those where division precedes multiplication). Using

p and P for prices, g and Q for the appurtenant quantities, we have %::%

(it is to be observed that this is a proportion, not an equation involving
two fractions?®). The beginning of each problem will be indicated by
page,,. (omitting the initial subscript ,, since everything regards the text
edition).

193, 1%::%, Q+P = 60. This is solved by means of proportion theory,
namely via transformation into - 313 ’ QQP and subsequent use of the

rule of three.
193,, %::%, P—Q = 60. This is solved analogously by being transformed

into > 2,
133 P-Q

194, %:: %, Q-P =216. Nothing is said about fractions, but the rule given
builds on awareness that
(3-216)+8 = 2-216 = 2+(Q-P) = Q’
and
(8-216)+3 = 2216 = _-(Q"P) = P?

2 Strictly speaking, such expressions can of course not be proportions in the classical
sense, since quantities and prices have different dimensions — but the text not only
handles them as if they were but also states explicitly in the beginning of the
chapter on buying and selling (p. ,,186) that the proportio of the first quantity to
its price is as that of the second quantity to its price.
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This may be elementary algebra in our sense but was certainly not
understood as algebra in the twelfth century. In the end it is told
what to do if the outcome of the calculation has no square root
(namely to use the formula for approximation).

194,, \/Q+\/P = 7_. Itis used (but not said) that v , which is

9’
no standard theorem from the theory of proportlons[24] but follows
easily from an arithmetical understanding. From here one proceeds
as at 193..

An alternative presupposes that

\/_ +1 = VQ = M = E
P P

which also points to an underlying arithmetical conceptualization.

Yet another alternative makes the claim that

(\/(\/P+\/Q)2 PR Y2 _ R0 g2 o
(P-Q)/Q (P Q)/Q (P-Q)/Q

which is indeed true but not at all easy to verify without the
modern symbolism in which | expressed the calculation (even with
that tool at hand care is needed). No argument is given in the text.

195,, 9, VP-Q = 1i. The three analogous procedures are prescribed.

196, \/Q VP = 24. Once again it is used (but not said) that w19
9’ P

The problem is thus analogous to the one at 194,.. However, the
first solution that is offered is

VP- \/Q WPNQ g —
Va9 =Q. V4o =P,

which suggests awareness that the initial proportion means that
Q = 4s, P = 9s with some shared factor s. We shall encounter the
same insight below (problem at 201,,), where an explicit geometric
argument is given
Alternatively, a procedure related to that at 194, is suggested.
Finally, it is proposed to multiply 24 by itself, which yields

**The reverse, when formulated as dealing with the composition of ratios, certainly
IS.
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PQ. Thereby, as pointed out, the problem becomes strictly analogous
to that at 194,,.

Now a chapter follows “about the same, with [algebraic] things”. | shall
use r for res and C for census in my symbolic translations when these occur
in the text.

196,

196,

197,

198,

3 .. 3

* -2 This is transformed into =, whence 3r = 10+,

100 T 10+r

which is solved in the usual way. Alternatively, the proportion is

transformed into -~ 1 thatis, 1_20::i, whence %::i, etc. As we
r r r

(10+r)-r
see, cross-multiplication is not used to establish the equation;
instead the antecedents are made equal, whence the consequents

also become equal. This preference is general.

4
20+2r 2r+3

*_. Through multiplication of the right-hand terms by 4+ 1_

2_ this is transformed into ~whence 51 r+3 20+, etc.

20+2r 5t r+8
% A A 1%
Alternatively: o 1 2R Butl_ 2_ i whence N
20+2r " 2r+3 17 2r+3 j.l7

etc. Itis pointed out that this ruse only works because we have the
same multiple of r left and right.

25 _1 Transforming we find _1 2_61 2, whence r-1 = 7, etc.
-

8 - %  etc.

Alternatively, since 8+2 = 4,
20+r  4r-4

6
10+r

::;. By transformation this yields %::%::é, whence r = 5.

2
10+r  r+l r+1

-2 etc.
9

q

, etc.
20+ _2 20+r  4r-12'

_® ::2 By transformation 2::-2, whence 2:: 2 etc.
10-r r r 10 4 10

®In words: “Three measures are given for 10 coins and a thing, but this thing is
the price of one measure”. Similarly in the following questions.
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199,,

An alternative that does not depend on the presence of precisely

one thing left and right transforms the proportion into —°_:: % etc.

10-r 3r

_* % First solved via transformation into 2::_2

8-—r r+l 9 r+l

, which should

give ;::r_z1 but by error becomes g% whence r = 3. Then, as in

the previous example, by the more generally valid alternative,
which gives the correct result r = 2. The discrepancy is not
discussed and thus probably not noticed.

4 .. 1%
20-2r  2r-3

examples. In the end it is pointed out that this can only be
understood if one has studied algebra or Euclid’s book, “which
however have been sufficiently explained”.

. Solved by the “general” method of the previous two

Next comes “another chapter about an unknown in buying and selling”

199,

200,,

An unknown number of measures is sold for 93, and addition of
this number to the price of one measure gives 34 — in our symbols

(since no res occurs): x+= = 34. At first the solution is given as

3_241\/(3_24)2—93, the sign depending on whether the number of

measures exceeds or falls short of the price of one measure. Next
a geometric argument based on the principles of Elements I1.5 is
given. Since Euclid is not mentioned, which the compiler-author
iIs elsewhere fond of doing, and since the argument uses a
subdivided line only, the direct inspiration might be Abu Kamil’s
similar proof for the fifth al-jabr case (possession plus number equals
things) [ed. Sesiano 1993: 362f; ed. trans. Levey 1966: 88-90].
The first of the two corresponding subtractive variants, namely the
one in which the number of measures subtracted from the price
of one of them gives 28. First a numerical prescription is given, next
a line-based geometric proof. If instead (the second subtractive
variant) it is subtraction of the number of measures from the price
of one of them that gives 28, we are told to proceed
correspondingly.
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201,

202,,

204,

%:: %, pg =6, PQ =24, (p+g)+(P+Q) = 15. Once again the argument

appears to go via the factor of proportionality s, sp = P, sq = Q (the
ensuing geometric demonstration confirms this interpretation, cf.

presently). At first s is found as \/Fp_? = 2. Therefore p+q =

1 .
1+2

proceed according to the fifth case of al-jabr or Elements I1.5, none
of which are mentioned; the double solution is, however. A
geometric argument explains the finding of the factor of
proportionality; for the last part of the demonstration, a cross-
reference to the problem at 199,, is deemed sufficient.

%::%, pg = 10, PQ = 30, (p+q)+(P+Q) = 20. This seeming exact

(p+q+P+Q) = 1_12-15 = 5. Since we already know pg, we can

analogue of the preceding question leads to an irrational value s =
V3, and therefore to complications and a cross-reference to the
chapter about roots (where indeed the necessary explanations are
found). In the end, this leads to a discussion in terms of the
classification of Elements X (not mentioned here, which suggests
that these classes are supposed to be familiar — elsewhere the book
IS mentioned).

9:2 pg= 6, PQ = 24, (P+Q)—(p+q) = 5. The first part of this

p P

subtractive variant of the problem at 201,, is a prescription
analogous to the one of the additive variants; for the second part,
a mere cross-reference is given.

%:: g, pq = 6, PQ = 24, (p+q)-(P+Q) = 10. Without being identified,

the proportionality factor s is found as /22 ; next (since P+Q =

pq

s(p+q), which is not explained) p+q is found as |/22®9 For the

S

rest, a cross-reference is given. For the first step, however, a
geometric demonstration is supplied in the end.
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207,

208,

208,

%::%, pg = 20, PQ = 10, (p+q)-(P+Q) = /5760 . This is explained to

follow the previous question, but of course gives rise to complicated
manipulations of roots, for which reason both ways to solve the
problem are discussed in detalil.

J/p =30, p-q = 34 (the identification of the two numbers as price
and appurtenant quantity is quite dispensable). The solution follows

from a quadratic completion (\\p = t, q = %t):
-2t = 34
3
-2 _t+( )2 34_

t-- =52
5 %

6

t=6
At first a purely numerical prescription is given, afterwards follows
a geometric, line-based proof.

\/ﬁ = 2q, p+g = 18. Mutatis mutandis, this additive counterpart of
the preceding problem is solved in the same way, and similarly
provided with a line-based geometric proof.

° transformed into _° ::

= 3%( = = 9V(4+ . The resulting equation

(4+r) =9\/4+r is not made explicit, but the numerical prescription

corresponds to its transformation into \/4+r =9 and further into
4+r = 81.

6 ..

" 3V(4—r) . Solved correspondingly.

3 ..

S , Xy = 21 (x and y stand for what is spoken of as “two
X+ y+;y

different things”). A prescription is given which corresponds to the

transformation of the proportion into > ,whence x+y =32 =

x+y 3y+iy

X = Z%y, Z%y2 =21, y*= 9, and finally y = 3, x = 7. After the
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prescription comes a line-based argument corresponding to the
symbolic equations.

Alternatively, the problem can be solved “according to algebra”.
Here, the thing (r) takes the place of y, while the dragma (d) takes
that of x. This time, the equation comes from a different but similar

' ' Fromhere

Xd+ir r+lir
3 3 9

transformation of the proportion, namely into

follows the equation r+%r = %d+%r, whence d = Z%r. Inserting this

inrd=21weget2%C:21,C=9,r=3.

209,, —:_1 . xy = 144. Both methods of the previous problem are

Xty Ix+2
3

applied, now evidently leading to mixed second-degree problems;
the line-argument goes through the complete calculation, whereas

the algebraic solution, once it is found that d = §r+10, merely says

that “the rest is done as we have taught in the algebra”.

For other classical mu‘amalat topics (profit and interest, partnership,
etc.), we find similar systematically varied problem sequences, involving
for example sum, difference and product of capital and profit, often
constructed so as to fit the application of proportion theory. Obviously,
we are far from the habitual presentation of select “rarities” within or
outside specific mu‘amalat chapters of hisab books and closer to theoretical
exploration. The supra-utilitarian rarities of the hisab tradition with their
occasional references to such impossible things as the square root of a
dowry have suggested a new and unaccustomed, “muamalat-like” domain
that could be submitted to quasi-theoretical scrutiny. But what is done in
the Liber mahamaleth is certainly new relatively to the mu<amalat tradition.

Could this be Arabic?

One question remains: is this novelty due to the Latin compiler-author,
or is he using or inspired by an Arabic treatise where something similar
was already taking place?

It is hardly possible to give a definitive answer to this question, but
several sources speak strongly in favour of the latter possibility when
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considered in combination.

Firstly, one source exists which shows that the existence of an Arabic
precursor is at least not to be ruled out. This source is the first, little studied
part of chapter 15 of the Liber abbaci, treating purportedly “the proportions
of three or four quantities, to which the solution of many questions
belonging to geometry are reduced” [ed. Boncompagni 1857a: 387].
Actually, it deals with numbers in proportion — see the analysis in [Hayrup
2011: 89-92, 97-100].

Fibonacci starts by considering questions involving three numbers. In
paragraphs (1)—(3), these numbers are in continued proportion. One of the
numbers is given together with the sum of the other two. Line segments
are named in the alphabetic order a, b, c, ... . Paragraphs (4)-(38) also deal
with three numbers, but now differences between the numbers are among
the magnitudes considered. The alphabetic order changesto a, b, g, d, ...,
yet paragraphs (4)—(5) still make use of the letter ¢ in manipulations, and
manipulations as well as the ensuing observation (6) sometimes designate
a segment by a single instead of two letters; none of the following
paragraphs do so. Finally, paragraphs (39)—(50) consider four numbers in
proportion. The underlying alphabetic order is still a, b, g, d, ....

The change of alphabetic order leaves no doubt that Fibonacci has used
sources in Greek or Arabic tradition for paragraphs (7)-(50) — the hybrid
system of (4)-(6) suggests, either that he has produced these questions
himself but tried to emulate what follows, or (rather) that he has modified
the procedures of borrowed material in these questions.

This only shows its relevance to our present concern if we look more
closely at the text; we may restrict our interest to the sequence (7)—(38).

This sequence can be described as a systematic investigation of the
properties of the different “means” Q between two numbers P and R, PR,
known from Nicomachos’s Introduction to Arithmetic (omitting the

arithmetical mean, which is trivial, and inserting %}Z*%, which has been

left out by Nicomachos but is present in Pappos’s similar list)?® — namely

?® For these means, cf. [Heath 1921: 11, 85-88]. Details in the formulation show that
Nicomachos, not Pappus (from whose list a different mean is lacking) has provided
the starting point.
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showing for each of them how any of the three numbers can be determined
if the other two are known.

As for example pp. 193-211 in the Liber mahamaleth, this sequence thus
presents us with a systematic theoretical scrutiny of an existing
mathematical domain under a new perspective — here Nicomachos’s list
of means, which in itself is no more theoretical than the muamalat tradition
(except of course in the Greek sense of being decoupled from any external
practice). And as in the Liber mahamaleth, the tools are proportion theory
and Elements 11.5-6.

Fibonacci’s source for this first part of Chapter 15 could be an unknown
Greek treatise; more likely it was Arabic, from al-Andalus or from
elsewhere. In any case he shows us that somewhere in the region from which
he drew his inspiration he had encountered concerns similar to those that
are in evidence on pp. ;,193-211 in the Liber mahamaleth. In consequence
it is not to be excluded that the compiler-author of the latter work could
have drawn on something similar. The second part of the chapter,
concerned purportedly with “geometrical questions”, offers som positive
evidence. A number of these questions are indeed not geometrical at all
but deal with composite gain on travels —see [Hgyrup 2011: 92f]. This lead
to questions which, expressed in equations, would be of the second degree,
one of them mixed [ed. Boncompagni 1857a: 399]. It is not solved by means
of algebra, however, but through manipulation of proportions and a line
argument (with alphabetic order a, b, g, ...) corresponding to but not
explicitly referring to Elements I1.6 — strikingly similar to what is often done
in the Liber mahamaleth.

At this point we may return to Gundisalvi’s De divisione philosophiae
and his reference to “the book which in Arabic is called Mahamalech”. That
could well be a book, not about mu‘amalat simply but about mu‘amalat
vom hoheren Standpunkt aus, “from a higher vantage point”, containing both
the systematic algebraic and proportion-theoretical expansion which we
have just discussed and the many demonstrations in Euclidean style —and
even something like the metamathematical introduction. Translation from
such a book would eliminate the main objection to the ascription of the
Liber mahamaleth to Gundisalvi: namely that nothing in the list of his
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writings in [Kren 1972] suggests a working competence in mathematics at
the level the Liber mahamaleth bears witness of.

That the Liber mahamaleth should be seen as a (possibly more or less
free) translation of the “book called Mahamalech” is strongly supported by
comparison of (1) what Gundisalvi says about the topics dealt with in the
latter [ed. Baur 1903: 93] with (2) what is said in the introduction to the
Liber mahamaleth about its contents [ed. Vlasschaert 2010: 7] — quoted in
Latin with italics added in order to show the almost perfect agreement:
(1) sciencia uendendi et emendi, alia mutuandi et accommodandi; alia est conducendi

et locandi; alia est expendendi et conseruandi.

(2) Scientia uero negociandi: alia est uendendi et emendi, alia est mutuandi et

accomodandi, alia est conducendi et locandi, alia expendendi et conseruandi, et multe
alie de quibus in sequentibus tractabitur.

These observations entail that the “compiler-author” should almost certainly
be split into two persons. an Arabic author (probably an astronomer-
mathematician, given the fondness of proportion techniques) and a Latin
compiler-translator who is either Gundisalvi himself or one of his close
collaborators.” This split, by the way, opens the possibility that the
missing algebra chapter was lost already in translation, since “the original
version of the Liber mahamaleth [which] contained an orderly presentation
of algebra” might well be the Liber mahamalech.!®!

The same observations do not imply that everything in the Liber
mahamaleth is taken over from the mutamalat tradition; it is not. They only
indicate with high probability that the Liber mahamaleth is taken over from
an Arabic book that had borrowed the mu‘amalat title but already
integrated material which was foreign to al-mu‘amalat and submitted

" An argument against the alternative ascription to Johannes Hispalensis is the
algebraic terminology. The “Toledan regule” contain a small “excerpt of the book
called gebla mucabala [ed. Burnett, Zhao & Lampe 2007: 163-165], where res is used
as translation of mal, which in the Liber mahamaleth is always census (since the
excerpt covers only the basic cases with their standard examples, there is no
occasion to translate Say’, the res of the Liber mahamaleth).

%8 \We may also observe that the constant alphabetic order of the geometric proofs
(line proofs and otherwise) is a, b, g, d, ... — but this would evidently also be the
case if a Latin compiler had translated from a plurality of Arabic texts.
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everything to a theoretical perspective — treating it magistraliter, as Fibonacci
[ed. Boncompagni 1857: 163, 215, 364] was going to say about his similar
endeavour in the book whose title Liber abbaci® is equally misleading
by (false or genuine?) modesty.

An addendum about the Indian summer of al-Andalus mathematics

This was as much as | have to say about the Liber mahamaleth, but there
Is something of a more general nature to add. The starting point for this
iIs another historical detail, namely the problem type known as “the
unknown heritage”. In the following | epitomize some results of an
investigation of its temporal and geographical distribution which |
published in [Hgyrup 2008].

In the standard version of this problem it states that a father leaves

to his first son 1 monetary unit and % (n usually being 7 or 10) of what

remains, to the second 2 units and % of what remains, etc. In the end all

sons get the same amount, and nothing remains. The solution is that there
are n-1 sons, each of whom receives n-1 monetary units. In a variant of
this simple version, the fraction is given first and the arithmetically
increasing amount afterwards.

But there are also “sophisticated” versions in which n is not integer,
and in which a different arithmetical series intervenes.® If we take for
granted that there is a solution, that of the simple versions can be found
directly, without the use of algebra or other advanced methods, from the
equality of the last two shares; but that has escaped everybody, also
modern commentators. No similar solution exists for the sophisticated
versions. Some medieval versions use the equality of the first two shares

®That is, one of the titles. Liber abbaci is how Fibonacci refers to it in the Pratica
geometrie [ed. Boncompagni 1862: 9, 24, 81, 148]; on p. 9 it also appears as Liber
maioris guice abbaci. In the dedicatory letter to the Flos it is Liber maior de numero,
and later simply Liber de numero (id. p. 227, 234), as also in the letter to Theodorus
(id. p. 247) and the Liber quadratorum (id. p. 253)

¥ Since arithmetically increasing decreases would result in a parabolic descent, we
may speak of “parabolic-geometric series”.
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to solve the simple problem by means of algebra or the double false
position.

Not only the simple but also the sophisticated types are found in the
Liber abbaci, which is our earliest source for both. Fibonacci gives an
algebraic solution to one of the latter. He also gives rules for solution of
all of them, which however are not derived from his algebra and must
hence be borrowed from some earlier work. This earlier work must have
had the character of a theoretical analysis of the conditions that a parabolic-
geometric series® be also arithmetical (expressed of course in wholly
different terms).

Both types appear to be completely absent from known Arabic texts,
but ibn al-Yasamin’s Talqih al-afkar fi’l ‘amali bi ruSum al-ghubar (written
in Marrakesh in c. 1190) contains a slightly simplified and clearly secondary
version of the simple problem.?

The simple versions turn up in many ltalian abbacus books (since 2008
| have found a number of supplementary occurrences, which however do
not change the picture), and in a pure-number version in Maximos
Planudes’s late thirteenth-century Calculus According to the Indians, Called
the Great [ed., trans. Allard 1981: 191-194]. It is also present in the Libro
... dicho alguarismo (twice p. 169), which | had overlooked and explicitly
denied in [2008: 632]. The sophisticated versions turn up again in
Barthélemy de Romans’ Compendy de la praticque des nombres [ed. Spiesser
2003: 26, 30].B% Here, only rules, no argument for their validity (except
a mock solution by double false) are given; these rules are not identical
with those of Fibonacci but similar in kind.

It is possible to find by means of symbolic algebra the rules for the
sophisticated versions and to show that they actually make all shares equal.
But line-based proofs as we know them from the Liber abbaci and the Liber

%' That is, a series with a double decrease, of which the first in isolation would
produce a parabolic and the second alone a geometric descent.

%2 Another simplified version is found in the al-Ma‘'una fi ‘ilm al-hisab al-hawa‘t
written by Ibn al-Ha'im (1352-1412, Cairo, Mecca & Jerusalem, and familiar with
Ibn al-Yasamin’s work).

% Probably written around 1467 but only known from a revised redaction which
was prepared by Mathieu Préhoude in 1476.
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mahamaleth will do just as well.

Putting together the complete evidence | concluded in [2008] that the
simple versions have probably originated in the Greek world in late
Antiquity or in the Byzantine Middle Ages. The sophisticated versions and
the way to find rules for solving them, | inferred, must in all likelihood
be traced to Provence or al-Andalus. Given that the simple version was
actually known in the Iberian world and that nothing suggests the presence
of mathematicians at or above Fibonacci’s level in Provence before
Fibonacci’s time, al-Andalus is more likely than Provence.

So, it seems that al-Andalus produced, in part before c. 1160, in part
at least before 1200, the Liber mahamaleth; a systematic investigation of the
Nicomachean means; and an investigation of parabolic-geometric series.
This fits what was said by Djebbar in [1993: 86], namely that there was

in Spain and before the eleventh century, a solid research tradition in arithmetic

whose starting point seems to have been the translation made by Thabit ibn
Qurra of Nicomachos’ Introduction to Arithmetic.

So far we have no Arabic testimonials that confirm our conclusions, only
texts in Latin and Romance vernacular. This, however, agrees with the
general picture of the fate of the erudition belonging to the Indian summer
of al-Andalus. Al-Mu’taman’s eleventh-century Kitab al-Istikmal still gave
rise to further work not only by Maimonides but also by Arabic
mathematicians [Djebbar 1993: 82 and passim]; but Jabir ibn Aflah’s twelfth-
century work is much better known from Hebrew and Latin translations
than in Arabic [Lorch 1973: 39]. Even ibn Rusd, as known, had scant
influence in the Arabic world [Arnaldez 1969: 919] but very much on
Hebrew and Latin philosophy. It looks as if the “book which in Arabic
is called Mahamalech”, the close scrutiny of the means, and the examination
of the properties of parabolic-geometric series shared his fate.

Indian summers are wonderful as long as they last. But they do not
last — and the blossoms they produce may never get the time to ripen into
fruit.

-26 -



References

Allard, André (ed., trans.), 1981. Maxime Planude, Le Grand calcul selon les Indiens.
Louvain-la-Neuve: Faculté de Philosophie et Lettres.

Arnaldez, Roger, 1969. “lIbn Rushd”, pp. 909b-920a in Encyclopaedia of Islam. New
Edition, vol. 3. Leiden: Brill.

Baur, Ludwig (ed.), 1903. Dominicus Gundissalinus, De divisione philosophiae,
herausgegeben und philosophiegeschichtlich untersucht, nebst einer Geschichte
de philosophischen Einleitung bis zum Ende der Scholastik. Mdunster:
Aschendorffsche Buchhandlung.

Bernand, Marie, 1993. “Mu“amalat”, pp. 255b—257a in Encyclopaedia of Islam. New
Edition, vol. 7. Leiden: Brill.

Boncompagni, Baldassare, 1851. “Della vita e delle opere di Leonardo Pisano
matematico del secolo decimoterzo”. Atti dell’ Accademia pontificia de’ Nuovi Lincei
5 (1851-52), 5-9, 208-246.

Boncompagni, Baldassare (ed.), 1857a. Scritti di Leonardo Pisano matematico del
secolo decimoterzo. I. Il Liber abbaci di Leonardo Pisano. Roma: Tipografia delle
Scienze Matematiche e Fisiche.

Boncompagni, Baldassare (ed.), 1857b. Trattati d’aritmetica. 1. Algoritmo de numero
indorum. Il. loannis Hispalensis Liber algorismi de pratica arismetrice. Roma:
Tipografia delle scienze fisiche e matematiche.

Boncompagni, Baldassare (ed.), 1862. Scritti di Leonardo Pisano matematico del
secolo decimoterzo. 1. Practica geometriae ed Opusculi. Roma: Tipografia delle
Scienze Matematiche e Fisiche.

Burnett, Charles, 2002. “John of Seville and John of Spain, a mise au point”. Bulletin
de philosophie medievale 44, 59-78.

Burnett, Charles, Ji-Wei Zhao & Kurt Lampe, 2007. “The Toledan Regule: a Twelfth-
Century Arithmetical Miscellany”. SCIAMUS 8, 141-231.

Caunedo del Potro, Betsabé, & Ricardo Cordoba de la Llave (eds), 2000. El arte del
alguarismo. Un libro castellano de aritmética comercial y de ensayo de moneda
del siglo X1V. (Ms. 46 de la Real Colegiato de San Isidoro de Ledn). Salamanca:
Junta de Castilla y Ledn, Consejeria de Educacion y Cultura.

Caunedo del Potro, Betsabé, 2004. “De Arismetica. Un manual de aritmética para
mercaderes”. Cuadernos de Historia de Espafia 78 (2003-04), 35-46.

Costa, Merce, & Maribel Tarrés, 2001. Diccionari del catala antic. Barcelona: Edicions
62.

Djebbar, Ahmed, 1993. “Deux mathématiciens peu connus de I’Espagne du XI°
siécle: al-Mataman and Ibn Sayyid”, pp. 79-91 in M. Folkerts & J. P. Hogendijk

- 27 -



(eds), Vestigia Mathematica. Studies in Medieval and Early Modern Mathematics
in Honour of H. L. L. Busard. Amsterdam & Atlanta: Rodopi.

Djebbar, Ahmed, 2001. “Les transactions dans les mathématiques arabes:
Classification, résolution et circulation”, pp. 327-344 in Commerce et
mathématiques du moyen age a la renaissance, autour de la Méditerranée. Actes du
Colloque International du Centre International d’Histoire des Sciences Occitanes
(Beaumont de Lomagne, 13-16 mai 1999). Toulouse: Editions du C.I.H.S.O.

Dodge, Bayard (ed., trans.), 1970. The Fihrist of al-Nadim. A Tenth-Century Survey
of Muslim Culture. 2 vols. New York & London: Columbia University Press.

Du Cange, Charles du Fresne, et al, 1883. Glossarium mediae et infimae latinitatis.
10 vols. Niort: L. Favre, 1883-1887.

Heath, Thomas L., 1921. A History of Greek Mathematics. 2 vols. Oxford: The
Clarendon Press.

Hochheim, Adolf (ed., trans.), 1878. Kafi fil Hiséb (Gentigendes tUber Arithmetik) des
Abu Bekr Muhammed ben Alhusein Alkarkhi. I-11l. Halle: Louis Nebert.
Hayrup, Jens, 2001. “On a Collection of Geometrical Riddles and Their Role in the

Shaping of Four to Six ‘Algebras’. Science in Context 14, 85-131.

Hayrup, Jens, 2005. “Leonardo Fibonacci and Abbaco Culture: a Proposal to Invert
the Roles”. Revue d’Histoire des Mathématiques 11, 23-56.

Hayrup, Jens, 2007. Jacopo da Firenze’s Tractatus Algorismi and Early Italian Abbacus
Culture. Basel etc.: Birkhauser.

Hgayrup, Jens, 2008. “The ‘Unknown Heritage™: Trace of a Forgotten Locus of
Mathematical Sophistication”. Archive for History of Exact Sciences 62, 613-654

Hayrup, Jens, 2011. “«Proportions» in the Liber abbaci”, pp. 83-100 in Sabine
Rommevaux, Philippe Vendrix & Vasco Zara (eds), Proportions: Science —
Musique — Peinture & Architecture. Actes du LI° Colloque International d’Etudes
Humanistes, 30 juin — 4 juillet 2008. Turnhout: Brepols.

Hughes, Barnabas, O.F.M., 1986. “Gerard of Cremona’s Translation of al-
Khwarizmi’s Al-Jabr: A Critical Edition”. Mediaeval Studies 48, 211-263.

Hughes, Barnabas B. (ed.), 1989. Robert of Chester’s Latin translation of al-
Khwarizmi’s Al-jabr. A New Critical Edition. Wiesbaden: Franz Steiner.

Keyser, Rudolph, P. A. Munch & C. R. Unger (ed., trans.), 1848. Speculum regale —
Konungs-skuggsja — Konge-speilet: Et filosofisk-didaktisk skrift, forfattet i Norge imod
slutningen af det tolfte aarhundrede. Christiania: Carl C. Werner.

Kren, Claudia, 1972. “Gundissalinus, Dominicus”, pp. 591-593 in Dictionary of
Scientific Biography, vol. V. New York: Scribner.

- 28 -



Levey, Martin (ed., trans.), 1966. The Algebra of Abu Kamil, Kitab fi al-jabr (sic) wa’l-
mugabala, in a Commentary by Mordechai Finzi. Hebrew Text, Translation, and
Commentary with Special Reference to the Arabic Text. Madison etc: University
of Wisconsin Press.

Lorch, Richard P., 1973. “Jabir ibn Aflah”, pp. 37-39 in Dictionary of Scientific
Biography, vol. VII. New York: Scribner.

Niermeyer, J. F., 1976. Mediae latinitatis lexicon minus. Lexique latin médiéval - Francais-
anglais. A Medieval Latin - French/English dictionary. Leiden: Brill.

Palencia, Angel Gonzales (ed., trans.), 1953. Al-Farabi, Catalogo de las ciencias. Edicion
y traduccion Castellana. Segunda edicion. Madrid: Consejo Superior de
Investigaciones Cientificas, Instituto Miguel Asin. (Page references to the Arabic
section carry an initial subscript ,.)

Rashed, Roshdi (ed., trans.), 2007. Al-Khwarizmi, Le Commencement de I’algebre. Paris:
Blanchard.

Rebstock, Ulrich, 1992. Rechnen im islamischen Orient. Die literarischen Spuren der
praktischen Rechenkunst. Darmstadt: Wissenschaftliche Buchgesellschaft.
Rebstock, Ulrich, 1993. Die Reichtiimer der Rechner (Gunyat al-Hussab) von Ahmad
b. Tabat (gest. 631/1234). Die Araber — Vorlaufer der Rechenkunst. Walldorf-Hessen:

Verlag fur Orientkunde Dr. H. Vorndran.

Rebstock, Ulrich, 1996. “Der Mu‘amalat-Traktat des Ibn al-Haitam”. Zeitschrift fur
Geschichte der Arabisch-Islamischen Wissenschaften 10, 61-121.

Rosen, Frederic (ed., trans.), 1831. The Algebra of Muhammad ben Musa, Edited
and Translated. London: The Oriental Translation Fund, 1831. (Page references
to the Arabic section carry an initial subscript ,.)

Sanchez Pérez, José A. (ed., trans.), 1916. Compendio de algebra de Abenbéder. Texto
arabo, traduccion y estudio. Madrid: Centro de Estudios Histéricos.

Sesiano, Jacques, 1987. “Survivance meédiévale en Hispanie d’un probleme né en
Mésopotamie”. Centaurus 30, 18-61.

Sesiano, Jacques, 1988. “Le Liber Mahamaleth, un traité mathématique latin composé
au XII° siécle en Espagne”, pp. 69-98 in Histoire des Mathématiques Arabes.
Premier colloque international sur I’histoire des mathématiques arabes, Alger,
1.2.3 décembre 1986. Actes. Alger: La Maison des Livres.

Sesiano, Jacques (ed.), 1993. “La version latine médiévale de I’Algebre d’Abu
Kamil”, pp. 315-452 in M. Folkerts & J. P. Hogendijk (eds), Vestigia Mathematica.
Studies in Medieval and Early Modern Mathematics in Honour of H. L. L.
Busard. Amsterdam & Atlanta: Rodopi.

Sesiano, Jacques, 2000. “Un recueil du XIII° siecle de problémes mathématiques™.
SCIAMUS 1, 71-132.

Sesiano, Jacques, 2001. “L’algébre de Sumer a Pamiers”, pp. 1-20 in Commerce et

- 29 -



mathématiques du moyen age a la renaissance, autour de la Méditerranée. Actes du
Colloque International du Centre International d’Histoire des Sciences Occitanes
(Beaumont de Lomagne, 13-16 mai 1999). Toulouse: Editions du C.I.H.S.O.,
2001.

Spiesser, Maryvonne (ed.), 2003. Une arithmétique commerciale du XV° siecle. Le
Compendy de la praticque des nombres de Barthélemy de Romans. Turnhout:
Brepols.

Suter, Heinrich, 1900. “Die Mathematiker und Astronomen der Araber und ihre
Werke”. Abhandlungen zur Geschichte der mathematischen Wissenschaften mit
Einschluss ihrer Anwendungen 10 (1900).

Suter, Heinrich, 1910. “Das Buch der Seltenheiten der Rechenkunst von Abu Kamil
al-Misr1”. Bibliotheca Mathematica, 3. Folge 11 (1910-1911), 100-120.

Vlasschaert, Anne-Marie (ed.), 2010. Liber Mahamaleth. Wiesbaden: Franz Steiner.
(Page references to the discussion carry an initial subscript ,, those to the edition
an initial subscript ,.)

Vogel, Kurt, 1977. Ein italienisches Rechenbuch aus dem 14. Jahrhundert (Columbia X
511 A13). (Veroffentlichungen des Deutschen Museums fur die Geschichte der
Wissenschaften und der Technik. Reihe C, Quellentexte und Ubersetzungen,
Nr. 33). Munchen: Deutsches Museum.

Woepcke, Franz, 1853. Extrait du Fakhri, traité d’algebre par AboG Bekr Mohammed
ben Alhacan Alkarkhi; précédé d’'un mémoire sur I’algebre indéterminé chez les
Arabes. Paris: L’Imprimerie Impériale.

-30 -



