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Recently we proposed a method to calculate the interfacial friction coefficient between fluid and solid
at a planar interface. In this work we extend the method to cylindrical systems where the friction
coefficient is curvature dependent. We apply the method to methane flow in carbon nanotubes, and
find good agreement with non-equilibrium molecular dynamics simulations. The proposed method
is robust, general, and can be used to predict the slip for cylindrical nanofluidic systems. © 2012
American Institute of Physics. [http://dx.doi.org/10.1063/1.4730167]

I. INTRODUCTION

The hydrodynamic boundary condition (BC) is now a
subject of greater interest than ever before, even though the
problem of formulating the correct BC has existed from the
beginning of the 19th century. Since then, many researchers
have attempted to formulate a general BC at a fluid-solid in-
terface. The 21st century has seen revolutionary advancement
in nanoscience and nanotechnology, which in turn, poses
many fundamental questions about the nature of fluid flow
in nanometric pores such as carbon nanotubes (CNTs) and
aquaporins. Among them, one of the most important is the
prediction of fluid slip.

To describe a hydrodynamic problem, the BC should be
specified or known a priori. This BC along with the fluid
transport coefficients is used in the Navier-Stokes equations
to solve for the relevant flow properties.1, 2 The fluid trans-
port coefficients are intrinsic to the fluid and there are sev-
eral methods of finding them accurately. As the BC cannot
be derived from Navier-Stokes hydrodynamics, one often as-
sumes the no-slip BC, according to which the tangential ve-
locity of the fluid relative to the adjacent solid is zero irre-
spective of the nature of both fluid and solid.1, 2 In princi-
ple, the BC is a property of the fluid-solid combination, but
the no-slip BC is widely accepted mainly for two reasons.
The first is, even if some slip is present its effect is negli-
gible on a macroscale.3 The second is the experimental dif-
ficulties in probing and measuring the fluid velocity within
sub-nanometer length scales from the solid surface, which
is needed for correct formulation of the BC.4 Recent devel-
opments have enabled the fabrication of nanofluidic devices
and measurement of nanolitre flow rates of fluid.5 Over the
last decade many experimental and simulation studies have
found volumetric flow rates enhanced by orders of magnitude
compared to the classical hydrodynamics prediction with the
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no-slip BC in carbon nanopores. The observed flow enhance-
ment is due to the non-zero fluid velocity (velocity slip) at the
solid, and hence the no-slip BC is no longer valid. However,
the enhancement data are widely scattered,6–17 hence, the for-
mulation of a precise BC is a subject of great interest and
significant challenge in nanofluidic research.18–27

In the steady state, the fluid shear stress σ xy must be con-
tinuous across the channel. Navier28 proposed the first slip BC
by relating this shear stress to the fluid slip velocity us at the
wall via the fluid-solid interfacial friction coefficient ξ 0,

σxy = ξ0us, (1)

where x and y are shearing and confining directions, respec-
tively. Using the above relation with Newton’s law of viscos-
ity, which relates the shear stress with the strain rate γ̇ (at the
wall) via the fluid viscosity η0,

σxy = η0γ̇ , (2)

Navier derived the slip BC

us = η0

ξ0
γ̇ . (3)

Here η0

ξ0
has the units of length and is identified as the slip

length Ls, which is the distance into the wall at which the tan-
gent to the fluid velocity value is zero in a field driven flow.
The strain rate of the fluid at the wall can be determined using
the Navier-Stokes equations, given the shear viscosity.1, 2 To
use the above BC, one needs to know the interfacial friction
between fluid and solid. The hydrodynamic friction between
a fluid and solid is not understood as well as the friction be-
tween two solid surfaces in contact. Recently, Hansen et al.24

proposed a method to calculate the interfacial friction coeffi-
cient between a fluid and solid at a planar boundary. Here we
extend the method to a cylindrical boundary where the fric-
tion coefficient is curvature dependent. We apply the method
to calculate the friction coefficient and hence the slip length
for methane flow in CNTs of various diameters and verify
that this slip length agrees with the one obtained from non-
equilibrium molecular dynamics (NEMD) simulations.
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FIG. 1. Schematic representation of the system.

II. METHODOLOGY

A. The wall-fluid friction coefficient

Assume that a fluid is confined in a cylindrical tube of ra-
dius R and length L. Let z be the fluid streaming direction (ax-
ial direction). We consider a cylindrical fluid annulus (or slab)
with a constant mass m, and average width of one molecular
diameter � close to the solid surface, see Fig. 1. In the case
of slip flow, this fluid layer slips over the adjacent solid sur-
face. We have developed a method to calculate the interfacial
friction between this fluid layer and solid surface, which char-
acterizes the slip between them.24–27 Even though this method
was developed for planar interfaces, the determination of the
friction coefficient is found to be similar for cylindrical in-
terfaces. The only difference is that we consider a cylindrical
fluid annulus, whereas for a planar boundary we consider a
planar fluid slab near the solid boundary. We refer the reader
to our original paper by Hansen et al.24 for full details of the
method.

B. The wall-fluid slip length

Here, we derive an explicit expression for slip length us-
ing the slab centre of mass (CM) velocity integral boundary
condition (IBC) and verify that our slip length is equal to the
Navier slip length in the limit as the slab width goes to zero.

The Navier-Stokes equation for fluid flow in a cylindrical
tube when acted upon by an external force per unit mass, Fe,
is1, 2

1

r

∂

∂r

(
r
∂uz(r)

∂r

)
= −ρFe

η0
, (4)

with general solution

uz(r) = −
(

ρFe

4η0

)
r2 + C1 ln(r) + C2. (5)

Since uz is finite at r = 0, C1 must always be zero. The general
IBC is expressed as24

〈uslab〉 = 1

�

∫ R

R−�

u(r) dr. (6)

Applying this IBC, the solution to the above boundary value
problem is

uz(r) =
(

ρFe

12η0

)
(3R2 − 3r2 + �2 − 3R�) + uslab. (7)

One can obtain the classical solution of a no-slip Hagen-
Poiseuille flow in a cylindrical tube by setting uslab = 0, i.e.,
the slip velocity to be zero.

Let F ′
z be the shearing frictional force on the fluid slab

due to the wall and F ′′
z is the shearing force between fluid

slab and the rest of the fluid adjacent to it, then in the steady
state we have

〈F ′
z〉 + 〈F ′′

z 〉 + mFe = 0. (8)

The wall-slab shear force is proportional to the relative veloc-
ity between the wall and slab for sufficiently small velocities
(i.e., uslab). We write this as

〈F ′
x〉 = −ζ0〈uslab〉, (9)

where ζ 0 is the zero-frequency friction term and the slab-fluid
shearing force is given by Newton’s law of viscosity

〈F ′′
z 〉 = Aη0〈γ̇ 〉 = Aη0

∂u

∂r

∣∣∣∣
r=R−�

, (10)

where A = 2π (R − �)Lz is the surface area of the contact,
and the strain rate at (R − �) is

γ̇ = ∂uz(r)

∂r

∣∣∣∣
r=R−�

= −ρFe

2η0
(R − �) . (11)

By substituting the constitutive Eqs. (9) and (10) in Eq. (8) we
can solve for uslab,

−ζ0uslab − Aη0γ̇ + mFe = 0, (12)

giving

uslab = ρFe

2ξ0
R. (13)

Finally, by using the slip length definition for this geometry,

Ls = −us

/
∂uz(r)

∂r

∣∣∣∣
r=R

(14)

we can derive

Ls = η0

ξ0
+ �

[
�

6R
− 1

2

]
(15)

which means that |Ls| = η0/ξ 0 as � → 0 in agreement with
the Navier slip length definition. The � terms can be ne-
glected for sufficiently wide pores, but when it is comparable
to the pore diameter its effect becomes important. For high
slip systems, such as the one presently in this study, the ef-
fect of the � terms can be neglected even for small diameter
CNTs. Here we note, for R ≈ �, non-local effects can be-
come important and the friction coefficient includes viscous
contributions as well.20, 29, 30

Note that uslab is equal to the CM velocity of the slab
ucm under the assumption that the fluid density of the slab is
constant.

ucm = 1

m

∫
V

ρ u(r) dV = πL(2R − �)ρ

m

∫ R

R−�

u(r) dr

= 1

�

∫ R

R−�

u(r) dr, (16)

where the volume of the slab is V = πL�(2R − �) and
ρ = m/V .
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III. RESULTS AND DISCUSSION

We apply the method to determine the friction coeffi-
cient for methane confined in CNTs of various diameters
and compare our predictions with Poiseuille flow NEMD
simulation results. We model the CNTs using the Tersoff-
Brenner (REBO) (Ref. 31) potential and the interactions be-
tween fluid-fluid and fluid-solid atoms are modeled using the
Lennard-Jones potential with a 1 nm cutoff distance. The
Lennard-Jones interaction potential parameters can be found
in Ref. 35. The bulk fluid state point is (ρ, T) = (387.6 kg
m−3, 148.1 K). A Nosé-Hoover thermostat is applied to the
wall atoms so that the intrinsic dynamics of the fluid atoms
is not affected (compared to if thermostated directly).32 Sim-
ulations are carried out for 10–40 ns depending on the tube
size and external field, using the leap-frog integration algo-
rithm with a time step of 1 fs. We have simulated eleven arm-
chair CNTs of diameter ranging from 1.62 to 9.76 nm. For the
higher diameter CNTs the curvature effects are expected to be
small and both the fluid-tube frictional force and fluid-planar
surface (graphene) frictional force are equal and indeed the
results show this.

In equilibrium simulations, for each tube we define a
cylindrical fluid slab of average width one molecular di-
ameter adjacent to the CNT surface, � = 0.38 nm. Af-
ter equilibration, we evaluate the slab CM velocity uslab(t)
= 1

m

∑
i∈slab mivi,z(t) and tangential force on the slab due

to the wall atoms F ′
z(t) = ∑

i∈slab
j∈wall

Fij,z(t) in the axial direc-

tion. From the above two quantities, we evaluate the slab
CM velocity autocorrelation function (ACF) Cuu(t), and slab
velocity-force cross correlation function (CCF) CuF ′

z
(t). In

Fig. 2 we plot the slab CM velocity ACF for a short time with
the chirality vector33 of each CNT indicated on the graph. As
the tube diameter is decreased, the slab velocity correlations
are found to persist for a longer time, indicating that the fluid
dynamics become more correlated. The two correlation func-
tions are then Laplace transformed and the friction coefficient
is found using the parameters of the Maxwellian fit and the
surface area of the slab.24 We find the slip length for each
CNT by dividing the shear viscosity of bulk methane with

FIG. 2. Slab CM velocity ACF for a short time. The armchair chirality
vector33 and the radius of each CNT in nm are indicated on the plot.

FIG. 3. The slip length as a function of external field for the 11 CNTs studied
using NEMD simulations. Also, included the slip length on a planar graphene
surface (gra).35

the corresponding friction coefficient of the tube.15 We shall
comment on this later.

In non-equilibrium simulations, Poiseuille flow is gener-
ated by applying a range of external fields. We fit the stream-
ing velocities to a quadratic equation uz(r) = ar2 + b. We
constrain the fit such that the parameters satisfy the shear vis-
cosity of bulk methane. Due to the high slip and small exter-
nal fields, constraining the fit is necessary.34 From these fits
we find the slip length using Eq. (14). In Fig. 3 we plot the
slip length as a function of external field for all the CNTs
simulated. The plot also includes the slip length on a planar
graphene surface.35 As expected, the slip length remains con-
stant for low external fields and increases at high fields.23, 35

The increase in slip length with field is small in smaller di-
ameter CNTs, which already have a high slip length in the
linear regime, whereas in the larger diameter CNTs, the slip
length increased rapidly with the external field as compared
to smaller diameter CNTs. Hence, the same external field may
not result in the linear regime slip length for the same fluid and
solid in two different diameter CNTs. In our previous studies
we have shown, for the same fluid, the same external field
may not give the limiting slip length confined in two differ-
ent solid material walls.24, 35 Therefore, care should be taken
when interpreting the NEMD results for the slip length of a
fluid in different diameter CNTs, which are computed only
at a single external field as these NEMD fields are orders of
magnitude higher than the experimental fields and hence the
slip length may not correspond to the limiting experimental
slip length.36 The slip length is maximum in the smallest di-
ameter CNT where the curvature effects are large, and as the
tube size increases, the slip length decreases and approaches
a constant value which is equal to the slip length on a planar
graphene surface, as anticipated. This result is in qualitative
agreement with Refs. 13, 15, 16, but disagree with the find-
ings in Refs. 11, 12, 17.

Both the equilibrium molecular dynamics (EMD) pre-
dicted slip length and the limiting NEMD slip length are plot-
ted as a function of CNT diameter in Fig. 4. As can be seen,
our friction method slip length predictions are in good agree-
ment with the direct NEMD data in the linear regime, where
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FIG. 4. The slip length as a function of CNT diameter using both EMD and
NEMD methods. The dashed line is the slip length on a planar graphene
surface.35

the slip length is constant and fluid mean velocity increases
linearly with the applied pressure gradient. This slip length is
valid at experimentally accessible pressure gradients, where
the fluid velocity is of the order of 0.01 m/s. For tube diam-
eters greater than 2 nm, our EMD slip length predictions are
within 5% of the direct NEMD estimates. For a discussion on
the superiority of the EMD method over NEMD methods in
predicting slip, refer to Refs. 34, 35.

We now comment on the difficulties in predicting the
fluid transport properties in very narrowly confined fluids.
When fluids are very highly confined (below 3–4 nm or
approximately 10 molecular diameters) both the viscosity
and the slip length are not well defined. The shear viscos-
ity is defined for a homogeneous fluid based on a contin-
uum hypothesis.1, 2 Surprisingly even down to roughly 3–4 nm
channel widths confinement, the fluid shear viscosity does not
show significant variation.29 But below these channel widths,
the fluid becomes highly inhomogeneous and fluid density os-
cillations exist across the whole channel leaving the uniform

FIG. 5. Density of the fluid in the radial direction for the 3 smallest and 3
widest CNTs simulated. Bulk fluid reduced number density is 0.8.

continuum hypothesis and hence the classical definition of the
viscosity invalid. In Fig. 5 we plot the density of the fluid
along the radial direction, for the 3 smallest and 3 widest di-
ameter CNTs we have simulated. In the wider diameter CNTs,
the density oscillations can be seen near the wall and in the
middle of the channel bulk homogeneous fluid can be seen.
In the small diameter tubes, we can see inhomogeneity and
density oscillations throughout the tube, for which the hy-
pothesis of a uniform continuum is clearly invalid. In these
small diameter tubes, the streaming velocity profile need not
be quadratic. In simulation studies of water confined in CNTs
researchers have found a large variation (increasing, decreas-
ing, non-monotonic) in the behaviour of the effective shear
viscosity with the tube diameter.13, 15, 16, 37–40 In experimental
studies with slit pores of few molecular widths also, the shear
behaviour of water is not yet clearly resolved.41–44 The dis-
crepancy could be due to the breakdown of existing methods
of defining and measuring viscosity for such tightly confined
fluids, where non-local effects occur and a viscosity kernel
must be considered,29, 30 which is beyond the scope of this pa-
per. Both the EMD and NEMD slip lengths are proportional to
the shear viscosity of the fluid. So the effect of a change in the
viscosity is the same for both methods, hence, with a tube di-
ameter dependent effective viscosity also, our friction method
results will agree with direct NEMD simulation results.

The slip length definition assumes a quadratic streaming
velocity profile for the fluid across the channel which is also
based on the constant density continuum hypothesis.1, 2, 34 As
this hypothesis is not valid for such narrowly confined fluids
the velocity profile may not be quadratic, as has been shown
in the literature.45, 46 Therefore, the slip length definition as-
suming a quadratic profile for Poiseuille flow may not be valid
at this confinement level. Due to the high slip and very small
velocity difference of the fluid from centre to the wall we are
unable to resolve such a non-quadratic velocity profile even if
it exists.34

It is generally stated that both the friction coefficient and
the slip length of a fluid-solid are intrinsic properties and in-
dependent of channel width for a planar boundary.18–20, 24, 47

This is true for fluids confined at the macroscale down to a few
nanometers (3–4) channel width. Below these channel widths,
they may depend on the channel width due to the above men-
tioned confinement effects. The uncertainty in defining the
available tube diameter also makes a significant difference in
the slip length/flow enhancement for small diameter tubes.34

There is therefore plenty of room for future research in under-
standing very narrowly confined fluid behaviour.

IV. CONCLUSION

In summary, we have presented a method to predict the
hydrodynamic BC for fluids confined in cylindrical nanotubes
based on the fluid-solid intrinsic interfacial friction coefficient
proposed by Navier. The method predicts the non-equilibrium
slip phenomenon from equilibrium MD calculations. We have
applied the method to methane flow in various diameter CNTs
and found good agreement with the direct NEMD results. The
slip length is found to decrease monotonically as the tube di-
ameter increases and approaches a constant value, which is
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equal to the slip length on a planar graphene surface. Hence
the flow enhancement increases as the diameter of the tube
is decreased. Smaller diameter CNTs can be both highly se-
lective and highly permeable and could be used in potential
membrane science applications such as nanofiltration. The
proposed method is robust, general, and can be used to predict
the slip for cylindrical nanofluidic systems.
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