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Carrots for dessert

Carsten Lunde Petersen and Pascale Roesch

December 23, 2010

Abstract

We formulate and prove a precise statement of asymptotic shrinking
of “Carrot-fields” around the Mandelbrot set M. This phenomenom had
been suggested in the founder text “On polynomial-like mappings” [DH2].
This is helpful for understanding how the copies of M sit in the bifurca-
tions loci of families of rational maps.

Introduction

For a general analytic family of rational maps (f;)icx, the bifurcation locus, is
the set of parameters ¢ € X such that the Julia set does not move continuously
(in the Hausdorff topology) over any neighborhood of ¢. For instance, the bi-
furcation locus of the quadratic family (Q.(z) = 2° 4 ¢)_ ¢ is the boundary
of the Mandelbrot set M (i.e. M \ int(M)), where M is defined as the set of
parameters ¢ € C such that the Julia set J((Q.) is connected (see Figure 1).

Figure 1: The Mandelbrot set.

McMullen discovered in [McM)] the following universality property of M:
the boundaries of small Mandelbrot sets are dense in the bifurcation locus of
any non trivial holomorphic family of rational maps. A small Mandelbrot set
(or a copy of M) is the image of M by a homeomorphism h that preserves
the dynamics: some restriction of an iterate of h(c) and Q. are topologically
conjugated on their Julia sets. This result of McMullen motivates the study of
how those copies are embedded in the bifurcation locus of a general family.



Figure 2: The picture 16 of “carrots for dessert” in [DH2], carrots are in orange.

In their pioneering paper “ On polynomial-like mappings” [DH2], Douady
and Hubbard exhibited for the first time such an image of M interlocked in
the bifurcation locus of a particular family of rational maps (see Figure 2).
In the paper, they developed the theory of what they called “polynomial-like
mappings”. This theory allows to recognise copies of M in the parameter space
of analytic families of rational maps. Moreover, they suggest that the copies of
M come with some additional structure. Namely, on their particular example,
they observe on the picture (Figure 16 of section “Carrots for dessert” of [DH2])
that there are connected components of the complement of the Bifurcation locus
which are attached to the tips of the copy and that their diameter tends to 0
(see Figure 2). Note that those components are hyperbolic components and that
it is not known, even for the quadratic family, that the diameter of hyperbolic
components tends to 0. Douady and Hubbard called them “carrots”. They also
give a notion of carrot fields in the setting of polynomial-like mappings.

In the present paper, we give a reformulation of Douady-Hubbard definition
of “carrots” and of “carrot fields” around M. We prove in Theorem 1 a general
statement concerning the asymptotic shrinking of “Carrot-fields” around M.

Figure 3: A Mandelbrot copy in M.

We give in Theorem 3 the simplest possible application: namely to the copies
of M inside M (see Figure 3). We prove that , if M is a copy of M in M, only
finitely many connected components of M\ My have diameter greater than some
€ > 0. For proving this we show that any component of M\ M, can be included



inside a carrot. By the way, we prove that Theorem 1 is a necessary condition
for the Mandelbrot set to be locally connected (the famous MLC conjecture).

Theorem 1 provides a tool that can be applied to lots of holomorphic fami-
lies. For instance, in a forthcomming paper [PR3], to the case of the parabolic
Mandelbrot set.

The proof uses two fundamental tools : the generalized Yoccoz-Levin in-
equality and the combination of two kind of puzzles in the parameter plane
(Yoccoz puzzle together with the puzzle defined by the carrots).

1 Statement and results

e CARROTS FOR Q) : z — 2°.

Let 21,22 be two points of Hy = {z € C | Re(z) > 0} such that the euclidean
closed triangle A supported by 0, z1, 2o is disjoint from A + 2iw. Then, the
carrot Ag = exp(A) is homeomorphic to A. For any n € N, any p € N* with
2" Ap = 1, we can consider the carrot A, 5» which is the connected component

2imtp/2"

of @, " (Ap) containing the point e of the unit circle S'. The carrots are

all homeomorphic images of A.

e CARROTS FOR M.

Douady and Hubbard gave in [DH1| a dynamical parameterization of the com-
plement of M denoted by ® : C\ M — C \ D which is the conformal rep-
resentation tangent to identity at oo. It has the property that its inverse
U = @1 admits a limit v(p/q) on every ray of rational angle p/q (i.e. v(p/q) =
lim,_,1+ W(re?7/9)) and more over in any Stolz angle based at e2*™/4 . There-
fore one can take the image W(A, /o~ ) which is a compact set in C.

The dyadic carrot field around M generated by A is the union of all the
“carrots” Ag//[% = W(Ap/2n) where p/2™ € Q. A first remark is that Ag//[% is
homeomorphic to A. With this terminology the Theorem of shrinking of dyadic
carrots of M is

Theorem 1. For any dyadic carrot field A of M

lim diam(A;v/Izn) =0.

n—0o0

e COROLLARY FOR A COPY My OF M.

Let My be a copy of M and denote by xn, the homeomorphim from Mg to M.
The tips vo(p/2"™) of My are the images of the tips v(p/2") of M by XK/Il()' The

2imp/2™ 5

tips of M correspond to the limit v(p/2™) of the map ¥ at the point e in

S'. Denote by Ax;n the connected component of M \ My containing the tip
~Yo(p/2™) in its closure and disjoint from M.



Theorem 2 (Douady-Hubbard, Yoccoz). For any copy My of M in M :

M=MuU (] [J AYs.
n20p/2ne(Q

The Shrinking decorations Theorem for strict copies My of M in M can
then be stated as

Theorem 3. For any strict copy Mg of M in M

nh_)rr;o diam(Aﬁ//Ign) =0.

The two theorems Theorem 1 and Theorem 3 have very similar proofs, the
proof of the first being slighly more complicated. We shall detail the proof of
the first and sketch the difference to the proof of the second.

Dzmitry Dudko presents a different and independent proof of the Shrinking
decorations Theorem for strict copies M’ of M in M in [Du]. His statement
includes more generally strict copies of the Multibrot set inside the Multibrot
set of the same degree. The proof we give here would also easily extend to the
Multibrot case. In a forthcomming paper [PR4], we shall treat the more general
case of Mandelbrot-like families.

2 Framework

2.1 Independence on A.

The degenerate case where the triangle A is defined by z; = z5 > 0 is in fact the
only one we need to consider. Let us call the carrot a stick when the triangle is
degenerate. We shall prove the following :

Theorem 4. For the dyadic stick field of M generated A = [0, 1]

lim diam(AIZ}//IQn) =0.

Lemma 5. Theorem 4 implies Theorem 1.

Proof. We will prove in fact that the result is independent of the non trivial
triangle chosen. Let A! and A? be any two possibly degenerate triangles in
H, U {0}. Then there exists § > 0 such that A'\{0} is contained in a hyper-
bolic d-neighbourhood of A2\{0} in H and vice versa. As exp : H, — C~\D,
Qo : C~\D — C~D and ® : C~\M — C~.D are local hyperbolic isometries the

same statement holds with the same ¢ for each A; l/v;n, j = 1,2. Thus, by ele-

mentary estimates on hyberbolic metrics, there exists k = k(J) > 1 such that
for any reduced 6 = p/2"

diam(AM) <k

< Y 7
~ diam(AZM)’—

1
z



where diam(-) denotes euclidean diameter.
This follows from the following inequality (see [Po]) where K C C is a
compact set and By denotes the ball for the hyperbolic metric in C\ K:

diam(Bpy(z,d)) < C(d)dist(z, K).

Indeed, if D is the diameter of AJM, then dist(z, K) < D for z € AjM and
there exists 2/ € A2M such that z € By(2',d), do that |z — 2/| < DC(d).
Hence diamA2M < (C(d) + 1)D. Computing the reverse inequality yields the
comparison.

To prove Theorem 1 it suffices to consider a particular stick field, say the
field for z; = 2z = 1, which is Theorem 4. O

The choice of this particular degenerate stick field allows to avoid discussions
on the position of the stick (or carrot) with respect to the parameter rays (see
section 2.4.1).

2.2 Argument on the toy exemple

One of the main argument in the proof will be that for any strict copy M’ of
M in M the stick field defined by AII}//ITL = W(A,/2n) does not touch M’. Thus

we can put any stick Ag//IQ,L
bounded from below.

We can visualize this argument first on the trivial toy example. We re-
place Ay that was define by the interval [0, 1] simply by the compact set Ty =
exp([1/2,1]). This completely trivialises the problem by considerations on the
comparison of hyperbolic and euclidean distance similar to above. In this sim-
pler case Ty has finite hyperbolic diameter diam and moreover this bound is an
upper bound on the hyperbolic diameter of any of the preimages T},/o». Hence
the euclidean diameter of any T;\;ITL is bounded uniformly from above by a uni-

in a annulus that is disjoint from M’ of modulus

versal constant k = k(diam) times the euclidean distance between T;\;IQ,L and
M. Since the later tends to zero uniformly as n — oo we have in the toy case

lim diam(7},/o») = 0.

With this in mind let us proceed to the proof of Theorem 1. Then as
mentioned above Theorem 3 will follow by using the same proof.

2.3 Proof of Theorem 1.
We prove the following result :

Proposition 6. For the dyadic stick field of M generated by A = [0,1], let

{A; = AIIYI/QN }‘EN be any sequence of sticks, with r;11 > r; and with roots ¢;
i )

tending to coo then
diam(A;) — 0.

17— 00



Remark 7. Theorem 1 is an easy corollary of this proposition by compactness
of the Mandelbrot set. (The details are left to the reader.)

Sketch of the Proof of Proposition 6: Note that necessarily ¢, € IM.

1. First of all, the Yoccoz-Levin Parameter inequality (Theorem 15) implies
that if the limit point ¢, belongs to the main cardioid then the diameter
of the carrots has to tend to 0. Therefore we can assume in the following
that the limit point c,, belongs to some limb Lf/"q of the main cardioid
H() of M.

2. Secondly we apply Yoccoz Parameter Puzzle Theorem (Theorem 19).
There exists a non decreasing and non eventually constant sub-sequence
n; such that for i > ig the carrots A; C P, (cs) (the Parameter Puzzle
Piece). Hence either the diameter tends to 0 or the limiting parameter ¢y
is renormalizable, that is ¢, € M’ for some first renormalization copy M’
of M in Lf/"q, of period k where ¢ < k.

3. The key point in the proof of Proposition 6 is that all of the dyadic carrots
A%Qn are disjoint from M’, because their root points ¥(p/2") are disjoint
from M'.

Then we can wrap each T;\//IQ,,L in some annulus. We shall use the fact that

if 7)), C V' CV C U, with U a hyperbolic domain and mod(V~\V") >

0 > 0, then the hyperbolic diameter of T%Qn in U satisfies diamy; (T;\;IQH) <

d(0). Therefore, if T;\;IZ,L tends to M, it follows that the euclidean diameter

has to go to zero.

4. To obtain these annuli we shall set the dynamical counter part. There we
obtain annuli that are univalent preimage of some annulus that admits
a holomorphic motion in a large domain. We shall then use the obser-
vation by Shishikura, that holomorphic motions can be used to transfer
bounds for (locally) persistent annuli in dynamical space to bounds for
corresponding annuli in parameter space (see [R]).

5. We shall follow slightly different paths according to wether M’ is a prim-
itive copy or the satelite copy M/, with root on the cardioid. We start
with the primitive case and afterwards indicate the changes which make
the proof in the satelite case.

2.4 The set-up

Before to start, we recall some classical facts from [DH1] (see also [Mi]) that
will be used at different places of the paper.



2.4.1 Rays

The polynomial Q. is conjugated to z2 near co. The conjugacy ¢, that is tangent
to identity at infinity is called the Bottcher-coordinate of Q. at co. It has the
property that

®(c) = ¢c(c).

We shall use also the Green’s functions for M and K. = {z | Q7 (z)is bounded},
i.e. the subharmonic functions gni(c) = log™ |¢(c)| and

. 1 "
9c(2) = nhi& o log™ Q7 (2)].

Moreover we shall use the notation EM(h) and E¢(h) for the equipotentials for
gm and g, of level h > 0. Similarly we shall use the notation FM(h) and F¢(h)
for theclosed filled equipotentials of level or height h:

FM(h) =A{c|gm(c) <h},  F(h)={z]gc(2) < h}.

The ezternal ray of argument 6 for M or K, is the field line of gng or g, which
is asymptotic to the halfline exp(t+1i276) at co. By parameter ray of angle 6 we
mean the external ray for M, which is simply the image Rg/l = U(]1, co[e??).
The dynamical ray can also be defined as R§ = ¢ 1(]1, 00[e?™?) when the Julia
set is connected, else this curve might be broken on the preimages of the critical
point.

2.4.2 Copies of M

Definition 8. We say that f : U — U’ is quadratic-like if f is a proper holomor-
phic map between discs U, U’ such that U C U'. The filled Julia set associated is
K;=nf~"(U). A map g is said to be l-renormalizable if g' admits a restriction
which is quadratic-like with connected filled Julia set.

Definition 9. Two quadratic-like maps f and g are said hybrid equivalent if
there is a quasi-conformal conjugacy ¢ between f and g defined on a neighbor-
hood of their respective filled Julia sets such that ¢ =0 on K(f).

Theorem 10. FEvery quadratic-like map f is hybrid equivalent to a polynomial
of the same degree. When K(f) is connected, the polynomial g is unique up to
affine conjugation.

Definition 11. A copy Mg of the Mandelbrot set M, is the image of M by a
homeomorphism h that preserves the dynamics in the following sense. For the
map h(c) = Q, there exists an iterate k minimal and a restriction of Q’c“, to an
open disk containing 0 which is quadratic-like and hybrid equivalent to Q.. The
minimal k above is called the period of the copy.



2.4.3 Wakes of H

We denote by Hy the main cardioid in the Mandelbrot set. It corresponds to
the set of parameters ¢ such that Q). has an attracting fixed point. Its closure
is parameterized by the multiplier A\, at the non repelling fixed point. At each

)\a(e%”p/ 7) with p A g = 1, there are two external parameter rays R};ﬁ /o landing.

+
We call p/q-wake of Hy the region ng bounded by these two rays and disjoint

from Hy. The part of M in Wﬁ‘; is usually called p/q-Limb: Lf/oq =Mn Wﬁ‘;.

Now consider any hyperbolic component H of M. It can be seen as the
principal hyperbolic component of a copy M’ of M. Namely, there exists a
dynamical homeomorphism denoted x g or xar : M’ — M called the Douady-
Hubbard straightening map (for a precise definition see [DH2, Chap. II, 1-4])
that sends H to Hy. Note that the period of the copy is the period of H namely
the period of the attracting cycle in H. One can defined similarly for H a
parameterization by the multiplier of the cycle (it can just be A, o xp). For
each p/q reduced rational we denote by p/q-wake of H the region W:/[q bounded
by the two parameter rays co-landing at Ay (p/q) and avoiding H.

The root of H (or root of M’) is the parameter Ay (0) of multiplier 1. Let
0+ be the arguments of the pair of external rays co-landing at the root of
H. We denote by tuning interval for M’ (or equivalently for H), the interval
I(M') = I(H) = [0—,04].

2.4.4 Wake of M’

Let M’ be a copy of M in M with tuning interval I. Let k& be the period of
M, or equivalently of H, the central hyperbolic component of M’ (i.e. the
period of the attracting cycle in H). Let §+ < 0_ be the points in I such that
each of the subintervals Iy = [0_, §+] and I, = [5_, 6] map diffeomorphically
onto I under 0¥, where o(f) = 20 mod 1. Let I M’ denote the corresponding

oF-invariant Cantor set and let k = rpp : I — ¥, denote the conjugacy of

ok M IM' 4o the shift on Sp = {0, 1} with x(6_) =0 and w(6,) = T.

|-

Figure 4: Wakes of M’ copy of M



Then the pair of rays with arguments é\i coland at the principal tip ¢} /2=
Xap (¥(1/2)) of M’. The sector T/Vl’/2 bounded by these rays and disjoint from

M’ is called the principal wake of M’.

More generally for p odd with binary expansion p = €;1...¢€,, €, # 0 the
dyadic number p/2" has two binary expansions 0.¢; . ..€,0 and 0.€; ...€,_101.
According to the Douady tuning algorithm 9;/2n =k"er...€,0) and 9;‘/2n =
k(€1 ... €,-101) are the two endpoints of a complementary interval of M .
The corresponding external rays of M co-land at the relatively dyadic tip c; Jon =

Xap (¥ (p/2")) of M'. The p/2"-wake sz%n is the sector bounded by these rays
and disjoint from M’. Moreover, for any parameter ¢ € M’ the corresponding
dynamical rays co-land on a point, which is preperiodic to the relative § fixed
point (the non-attracting fixed point of the renomalized map).

Denote by W{ the sector bounded by the rays of arguments ¢4 and not

containing M’. Note that for each p/2™ the root c; Jon of the corresponding
wake is the only point of intersection between M’ and (the closure of the) wake.
Note also that any two wakes are disjoint. Note that with notation of Theorem 2

the “limbs” A%;n coincide with the part of M in the wake: sz%n N M.

3 Yoccoz-Levin inequality

For the version of Proposition 6 leading to a proof of Theorem 3 the simpler
Yoccoz (rather than Levin-Yoccoz) parameter space inequality suffices, but for
Proposition 6 we need the extension due to Levin.

3.1 Dynamical Inequality

Theorem 12 (The Yoccoz-Levin Dynamical Inequality). Let H be any hyper-
bolic component of M of period k. Let p/q be any non zero reduced rational
and let pr/[q denote the relative p/q wake of H, bounded by parameter rays with

arguments 0 < n— < ny < 1. For any c € Wﬁq,
land at a common point o', which is a repelling k-periodic point. Thus o’ has
combinatorial rotation number p/q. Let A denote the multiplier of o/. It admits

a logarithm A such that:

the kq periodic rays Ry,

2klog2cosf m
q w(c)’

A - Lori| <
q
where 0 € | — m/2,7/2[ is the argument of A — 2mit and w(c) is the angle of
vision of the interval i2m[n_,ny] from Log ®(c) € {z = z +iy|0 < y < 27}.

Proof. Levin proved the fixed point case k = 1 in [L, TH. 5.1], the general case
is similar. For completeness we give a proof in the Appendix, page 25. O

We shall use this Theorem when ¢ belongs to MUAM | so we need to estimate
the quantity w(c) for ¢ € AM. For this we will estimates the largest potential



of AM| which corresponds to the dyadic parameter rays of lowest denominator
entering the wake.

Proposition 13. Let H be a period k hyperbolic component of M with tuning
interval I(H) = [0_,04] and let p'/2™ € I(H), 1 < m' < k be the dyadic
with the smallest denominator. For any irreducible rational p/q, let 0 < n_ <
Ny < 1 be the arguments of the co-landing parameter rays bounding Wﬁq and

let p/2™ € [n—,n4] be the dyadic with the smallest denominator. We have
27k <y g and ~ m=m'+k(q—2).

Proof. Asn_ < ny are periodic of exact period kq, we have n, —n_ > 1/(2k1 —
1) > 2774, For the second inequality let M’ denote the copy of M with H as
central hyperbolic component. Let §_ < 6, € IM " denote the arguments of the
parameter rays colanding at the root of M’. Let I = [0_,60,] D Io, I, IM
IoUI and & : IM" — %, be as above and write 7 for the binary projection of ¥y
onto T and set K = mo k. Then 74 = K(ny) are the arguments of the parameter
rays co-landing at the root of the wake Wﬁ‘;. It is well known that the intervals
ol ([r_,74]), 0 < j < q are interiorly disjoint and injective images. Moreover
0c ol V([r_,7¢]) and thus 1/2 € 0(@=2)([r_, 7, ]). Consequently ¢*(4=2) maps
[n_,n4] injectively into I. Morever I D o*@=2)([n_,ny]) D (IN(Io U I)). Let
p'/2™" € I be the dyadic with smallest denominator then p’ /2™ € I~ (Iy U I;)
and 1 <m/ <k. Thus m =m’ + k(g — 2). O

Corollary 14. For any ¢ € Wﬁq N (M U AM) the angle of vision w(c) of

i2w[n_,ny] from Log(®(c)) is bounded from below by
arctan(27r2m/_%).

Proof. The angle is bounded from below by the angle obtained, when ¢ belongs
to one of the two bounding rays of Wﬁ p and on the largest potential of AM.

This largest potential is obtained when gy (c) = 1/2™ with p/2™ the angle of the
parameter ray entering the Wake with smallest denominator, hence log |®(c)| <
1/2m.

arctan(2m(ng — n_)/log |®(c)|) > arctan(2r2 4 /2~ (m'+k(a=2))

= arctan(2r2"™ ~2%).

3.2 Parameter Inequality

Theorem 15 (The Yoccoz-Levin Parameter Inequality). For any hyperbolic
component H of M there exists a constant C = Cgy > 0 such that for any
relative p/q wake th/’q

diam (W7, N (MU AM)) <

<lQ

10



Proof. For h = 0 i.e. for the limbs M N Wﬁq,

Hubbard in [H]. Note that for primitive hyperbolic components he obtains
an inequality with C/,/q instead of C//q. Whereas the bounds actually gives
C/q? assymptotically when p/q tend to 0 or 1. For the extension we use the
Levin-Yoccoz dynamical inequality above instead of the Yoccoz inequality. By
Corollary 14 the angle w(c) for ¢ € Wﬁq N (M U AM) is bounded from below

by the angle wy = arctan(27r2m/_2k). The argument is then identical to the
argument in Hubbard’s paper [H], except using the Levin-Yoccoz dynamical
inequality with the fixed value wy. Thus asymptotically for ¢ large we can take

this is essentially proved by

Y
CH _ CIY{OCCOZ
wH

where C}°¢“% is the corresponding assymptotic value for Yoccoz parameter
inequality. O

Corollary 16. We can assume that the sequence Ay of carrots belong to Wﬁg
for some fized p/q.

Proof. Let us first apply the Yoccoz-Levin parameter inequality. This gives a
constant C = Cg, > 0 such that for all /s

¢

diam(W,2 N (MU AM)) < —

(1)

The sequence {A} of carrots is included in a sequence of Wakes W;Z"/qk and
the roots belongs to the corresponding limbs Lio/qk. If ¢ tends to oo then

the diameter of Ay tends to 0 by (1). On the other hand if the sequence
{pr/qr} contains a bounded subsequence. Then it contains a constant subse-
quence py, /qx,. = p/q. Hence the limit point ¢y, € Lf/oq. For any @ the limb
Lgoq is strongly separated from any of the limbs Lg(}q,, p/q# /¢ with ¢ < Q.
Hence either pi/qr = p/q for sufficiently large k or for the remaining elements
in the sequence g tend to infinity, and thus diam(Ay) tend to zero for these k.
In both cases we can suppose pi/qr = p/q for some p/q €]0,1]. O

4 Yoccoz Puzzle and holomorphic motions

4.1 Definition of Yoccoz Puzzles

For ¢ € W:/(?I the ¢ cycle of external rays with arguments 6y < --- < 64— land

together at the fixed point ., where © = {6, - - ,0,_1} is the unique p/g-cycle
under angle doubling. They thus assign the combinatorial rotation number p/q
to .

Definition 17. The p/q- “model” graphs are
Go={z|lzl=c}u |J [Lele®™, G, =Qy"(Go)

0<j<q—1

11



H
For ¢ € Lp/oq,
Q" ()

The puzzle pieces of level n are the closures of the bounded connected com-
ponents of C\ V<, where Y5 is the level n Yoccoz graph.

the p/q-Yoccoz graphs are Y§ = ¢.1(Go), VS = ¢.1(G,) =

Definition 18. The p/q-Yoccoz parameter graphs are Yo = ¥(Gg) and Y, =
U(G,). The parameter puzzle pieces of level n are the closures of the bounded
connected components of C\V,,, where ), is the level n Yoccoz parameter graph.

The level n parameter puzzle piece(s) containing c is the closed subset of C
bounded by the closure of ¥ o ¢.(OPF), where PS¢ denotes the (or possibly any
of the ¢) level n puzzle piece(s) in the dynamical plane containing c. (If ¢,
belong to the same level n parameter puzzle piece P, then ¢;1 o ¢, induces
a homemorphism between the Yoccoz graphs for ¢ and ¢’ at least up to and
including level n.)

4.2 Yoccoz Theorem and its application

Theorem 19 (Yoccoz). For any p/q and any ¢ € Lg"q there are two possi-
bilities; either Q. is not renormalizable and NP, = {c} for any nest (P,) of
parameter puzzle pieces containing c, or c is at least once renormalizable, say
with first renormalization period k and there is a first level n such that for the
dynamical puzzle pieces Int(PS) =: U and Int(PS,,) = U', QF: U — U’ is
quadratic like with connected filled-in Julia set (fattening U and U’ if k = q.)

For a proof see [H].

We provide a rough proof of Theorem 2 using the puzzles, the reader shall
easily supply the details:

Theorem (Douady-Hubbard, Yoccoz). For any copy Mg of M in M :

M=MulJ J AYs..
n20p/2neQ

Proof. The copy My of M belongs to the limb Lg‘}q, of the central hyperbolic
component Hy of M, for some p’,¢" € N with (p,¢') = 1. Let ¢ € My be
the center of My, i.e. QF(c) = ¢, where k is the period of My. Let P,,
n € N be the level n (p'/q¢’)-Yoccoz puzzle piece containing the critical value ¢
of Q. and let P,, denote (p’/q’)-Parameter Yoccoz puzzle piece containing the
parameter ¢. Then for each n the map ¥ o ¢.(z) restricted to 0P, J. extends
to a homeomorphism of 9P,, onto dP,, preserving argument and potential. Also
for each n the closed puzzle piece P, contains the ends from potential 27" and
down of the external rays with arguments in I™M¢. Hence the same holds for
the corresponding parameter rays and P,. It follows that any other level n
parameter puzzle piece as well as M\Lf,‘}q, is contained in one of the relatively

12



dyadic wakes WzI) Jom of My. The theorem then follows from Yoccoz parameter
puzzle theorem for renormalizable parameters, which states that

My = () Pn.

n>0
O

Corollary 20. FEither the diameter of the sequence Ay tends to 0 or coo @S in
a strict copy M’ of M in M, i.e. that Q.. is renormalizable.

Proof. For any p/q the corresponding rotation orbit 0 < 6y < ... < O,_1 is
disjoint from the set of dyadic arguments. Thus for any p/q the graph defining
the associated p/q puzzle for L;I/Oq is disjoint from AM. Therefore, there exists
an increasing sequence ny such that for k > kg the carrots are in the nest of
puzzle pieces: Ay C Py, (coo) (the Parameter Puzzle Piece containing co ).
Hence by Yoccoz Theorem 19 either the diameter tends to 0 or the limit-
ing parameter c, is renormalizable, that is cooc € M’ for some period k first

renormalization copy M’ of M in LZ"q, where ¢ < k. O

For the rest of the proof, it is enough now to consider parameters
Cso In a copy M’ of M.

Remark 21. The key point in the proof of Proposition 6 is that all of the
dyadic carrots A, jon are disjoint from M', because their root points W(p/2")
are disjoint from M'.

5 Dynamical Estimates

We make here the assumption that the limit point ¢, € M’ C Lf/oq and that
M’ is a primitive copy of M of period k. and will treat the satellite case later.
Let ¢, be the center of the hyperbolic component H| of period k of M'. We
first define, for this parameter ¢, a slicing of some neighborhood of the Julia
set that allows to wrap the carrots in annuli. It will yields a lower bound on
the modulus of these annuli. Then we will deform this picture by holomorphic

motion on some neighborhood of M’, keeping the lower bound on the moduli.

5.1 Slicing of some part of the Julia set

Since M’ C Lf/oq, one can define a Yoccoz puzzle as in Definition 17. Then
Theorem 19 says that for ¢ € M’ there is a first level n such that the puzzle
piece P¢ containing the critical value ¢ defines a quadratic like map as Q¥ :
Int(PS,;) — Int(Py).

We give now some notations related to the puzzle structure, written for
C=C¢Cp .

13



e Let n~ < n™ denote the (rational) arguments of the co-landing pair of
external rays for ()., which are on the boundary of P = P¢ and which
separates ¢ from 0. Then by Douady and Hubbard (see [DH1]) the pa-
rameter rays R%ﬂ_{ co-land at some Misiurewicz point in M.

e Denote by 7§ the set Ry UR; N F¢(1) and let Ug denote the compo-
nent not containing 0 and which is bounded by 7§ and a subarc of the
equipotential E°(1).

e Let U denote the connected component of Q. *(U§) contained in Pr
It is a disk and f, := Q¥ : Uf — U§ is quadratic-like, with critical point
we satisfying f.(w.) = c.

I

Figure 5: The disks U§, Uy, and gﬁ The set U§ is the disk insided E¢(1) and
to the left of 45. The set U is the disk inside E¢(27%) and bounded to the
right and left by +{ and 7§ respectively. The arc §§ separates the two subdisks
Vi and E§ of U§, Vi to the left and =§ to the right of 6§. The subsets éff, Ve
and Z§ of Uy are to the left of 5f/2, between 65/2 and &g and to the right of dg
repsectively.

We give now some notations related to the copy M, expressed for ¢ = ¢ :

e Let 4+ denote the arguments of the external rays of M co-landing at the
root ¢f of M.

e Let d§ denote the subarc of Ry_ U {f.} U Ry, consisting of points with
potential up to and including 1, i.e. 6§ = Rg_ U Ry, N F°(1).

e Similarly let 67, denote the subarc of Ry U Rj N Fe(1).

14



o Let Vi be the connected component of US\J§ containing w.. Let E§
denote the other connected component. Define recursively V,¢ = f. (V)
and 25, = f7"(2§) NEf (see also Fig. 5). The restriction f. : Vi, — V¢
is a 2 : 1 branched covering, whereas f. : = ,; — E, is an isomorphism.

e Let 7§ denote the extension to potential level 1 of Q7% (7§) N I=§ and let
B§ C E§ denote the quadrilateral bounded by 7, v{ and subarcs of E°(1).
Define recursively the univalently iterated preinages B¢, = f. ' (BS)NZS.

e For each n > 1 let E; C ég denote the “twin” of B, i.e. the connected

component of f7(BS_;)NEE.
e Let 31 = Q-F(75) N Béi extended to equipotential level 3/4 and let Q°
denote the open disk bounded by 7§ and the subarc of E¢(3/4) N U§

connecting the endpoints of 7.

e Let D® C V', denote the disc bounded by 67, union the subarc of E(1)
connecting the endpoints of (5{/2.

Figure 6: The decomposition of the disk D¢, which is bounded by the equipo-
tential £¢(1) and the arc 67 ,. The disk Z§ is the subset of U§ to the right of

0g- The disk Z¢ (not labelled) is the subset of U¢ to the left of 07/- The disc
Q° is to the left of 4¢ and inside the equipotential E¢(3/4) (not labelled).

Lemma 22. By construction each of the sets, for ¢ = ¢, Q° and Eg, n>1

are relatively compact in D°. Moreover, there exists m = m(cpy) > 0 such that

mod(D~\Q°) >m, and Vn>1 mod(Dc\?g) >m
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so that o
Vn>1 mod(E§G\BE) > m.

Proof. The restriction f,. : /E\i — Z§ is biholomorphic so that for all n > 1

mod(Dc\Egﬂ) > mod(éﬁ\égﬂ) = mod(E{\BS)

> mod(Z5_;\BS) = mod (=5~ Bf)
Thus we may define

m(c) = min{mod(D*~\Q°), mod(Dc\Ef), mod(E§\B§)}.

5.2 Holomorphic motion of graphs

A holomorphic motion of a set X C C parameterized by D is a map H(\, z)
from D x X to C that is holomorphic in A € D injective in z € C and the identity
for \g = 0.

Douady and Hubbard proved (in [DH1]) that the closure R of an external
rays R;® admits a holomorphic motion when ¢ is enventually periodic and if the
orbit of R does not meet neither a critical point nor a parabolic point.

Definition 23. Let 0. denote the arguments of the external rays of M co-
landing at the root ¢}, of M'.

e Let Ay, resp. A1, denote the parameter disk whose closure contains M’ and
which is bounded by the segments of the rays Rgi with potential up to and
including 2, resp 1, union a connecting subarc of the level 2 equipotential

En(2), resp. Ene(1).

e Denote by AL, resp. AL, the parameter disk which contains Ag, resp. Ay,
and which is bounded by a subarc of R%{ U R})ﬁ union a subarc of EM(2),
resp. EM(1).

We need the following result on M presumably due to Douady, Hubbard
and Lavaurs. This theorem is at least folklore. But because we do not have a
precise reference, we have for completeness provided a proof in the Appendix,
on page 27.

Theorem 24. Let 0 < t_ <ty <1 be rationals for which the parameter rays
RZI coland at some point co € M and let W, denote the parameter sector
bounded by RM U {co} U R%\f and not containing the main cardioid Hy. Then

we have the following properties:
e the forward orbits of t+ do not enter the interval Jt_,t[;

o for any ¢ € Wy, the clousre of the pair of dynamical rays Ri, move
homorphically with c;

16



e they co-land at some repelling (pre)periodic point z(c) with Q¥+ (z(c)) =
QL(2(c)), where I > 0 is the common preperiod of t+ and k' > 0 divides
the common period k > 0 of o' (t+);

o the set Rf U{z(c)} URY, bounds a sector W¢ containing c, but not 0.

Lemma 25. e Force AV, the set ~§ is an arc that moves holomorphically
(within AL ). The component U¢, not containing 0 and which is bounded
by 5 and a subarc of the equipotential E°(1) is a disk whose boundary
moves holomorphically over A

e Let UY denote the connected components of Q. *(U§) containing (R§ U
R )N Fe(27F).
The restriction f,.
for=Q¢ : Uf — U§ (2)
s a degree two ramified covering.
For c € AF\ AT, Ut is the union of two disks and f. is non ramified.

For c € AY, Ut is a disk whose boundary OU{ moves holomorphically.
Moreover f. is quadratic like with critical point w.. The filled Julia set K.
is connected, if and only if c € M'.

Proof. By definition, 7§ is the set R¢ U Ry N F¢(1) and U denote the com-
ponent not containing 0. It follows from Theorem 24 that the dynamical rays
Ry, co-land for every ¢ € A¥ and admits a holomorphic motion. Moreover by
stability, they separate 0, from c. The rest follows. O

Notice that AL is precisely the set of parameters for which ¢ € U¢, in fact
c € 9U§ if and only if ¢ € OAL.

Lemma 26. .
E.()JU e (R u{s}uUR;,)
j=0

moves holomorphically with ¢ € Ag.

Proof. Here we use Theorem 24. For any ¢ € Ag the dynamical rays R§ . co-land
at a repelling k-periodic point /3, and the rays R(%i co-land at the ng—preimage
coﬁ'c of /3, all of which moves holomorphically with ¢ € Ag. Moreover the set

k—1

U @9(R5_ u{p}URS,)

J=0

does not enter the sector Wg_ o, bounded by the closure of the colanding pair
of rays Ry and Rg, and containing c. Hence

k
E.()JU e (R u{s}uUR;,)
j=0
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moves holomorphically with ¢ € Ag. O

Corollary 27. In particular, g := Rg_ U Rg, NF°(1) and 55/2 =R; U R§+ N
F<(1) move holomorphically in Ag.

For ¢ € Ay the set OUf does not admit a holomorphic motion. Thus,

Lemma 28. For ¢ € Ag~A1, consider Ve the disk included in U§ bounded by
o5 and 55/2. Then the subset of OUY outside this disk moves holomorphically
with ¢ € Ag.

Proof. Indeed, the only place where the boundary of OU§ does not admits a
holomorphic motion is when the parameter ¢ crosses the equipotential E(1) in
the region bounded by 6§. At this parameter, the equipotential of OU§ makes a
figure eight in the region bounded by 6§ and 6 /2 O

Corollary 29. Let Vi be the connected component of U§ \ 0§ containing &S .
2

Then OV admits a holomorphic motion in Ag. The preimage V£ = f71(V§) is
a disk for ¢ € Ay whose boundary OV¢ admits a holomorphic motion in A;.
For ¢ € Ao \ Ay, the preimage V is the union of two disks.

Moroever, for c € Ay, fo: V¢ — V{ is a degree 2 (maybe) ramified covering.

Proof. Since w, is only defined for ¢ € A, we have to use §§ N F¢(1) here to
2
defined Vjy. By the Lemma, the arcs 65,09 move holomorphically in Ag. The

2
part of the equipotential £¢(1) bounding Vi moves holomorphically in Ay, and
its preimages moves holomrophically if ¢ ¢ E¢(1), i.e. for ¢ € Ay. O

Note that for ¢ € Ag \ Ay, the preimage V}° is the union of two disks. They
ly in the disk V¢ bounded by §§ and 55/2.

Lemma 30. Now for ¢ € Ag we can extend the definitions of V.S, ES, By, Eg,

éz, since they are just pull back by f. of sets like U§ and V' that are well defined
i Ny and whose boundary admit a holomorphic motion.

We recall here the definitions for ¢ € Ay that extends the one given for ¢ :
o Define recursively V¢ = f."(Vy), Ef := U§\Vy and Ef, = f-™(E5) N E§
(see also Fig. 5).

Then the restriction f. : V5, — V7 is a 2 : 1 branched covering whereas
fe 1 B4, — Ef, is an isomorphism.

e Let ~{ denote the extension to potential level 1 of Q. %(v§5) N 0=§ and let
B§ C E§ denote the quadrilateral bounded by 7, ~v{ and subarcs of E°(1).
Define recursively the univalently iterated preinages B¢, = f. }(BS)NZS.

e Foreachn > 1let é; denote the “other” connected component of f1(Z¢_,),
having a boundary arc in 6f /2
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e For each n > 1 let EC C gfl denote the “twin” of B¢, i.e. the connected

n’

component of f71(BS_|)NEE.

o Let 31 = Q- %(7§) N 925 extended to equipotential level 3/4 and let Q°
denote the open disk bounded by 7§ and the subarc of E€(3/4) N U§
connecting the endpoints of ~§.

e Let D¢ C Vi, denote the disc bounded by 67, union the subarc of E°(1)
connecting the endpoints of ¢ /2

Then it follows that

Lemma 31. The graph

Ge=0D°uoQ°u | J (02 uaBg)u | (925 uaBg) L AU
n=0

n=1
moves holomorphically with ¢ € Ag

Proof. Note that Q7(G¢) does not meet the critical point 0 for any n > 0
or ¢ € Ap: When the parameter ¢ € Ag the critical value ¢ does not belong
to Z§. Hence the Béttcher-coordinate is defined and depends holomorphically
on ¢, on the dense subset (0Z§ U dB§)\K. of (02§ U IBf), so that the later
moves holomorphically with c. Secondly f. depends holomorphically on ¢ and
its critical value c again still does not belong to =§. Hence the iterated univalent
preimages of (9Z5 U ABS) inside 5 and ¢ depend also holomorphically on c.
This takes care of

U (025 uoBg) U | (925 U oBy).

n=1 n=0
Finally D¢ moves holomorphically with ¢, because §f /2 does and 992 moves
holomorphically with ¢, because 7% does. O

Corollary 32. There exists m = m(c) > 0 such that VYn>1
mod(D°~\Q°) > m, mod(Dc\ﬁi;i) >m and mod(E5\BE) > m.

Proof. Tt follows from the fact that these sets admit a holomorphic motion and
from Lemma 22. O

5.3 Dynamical carrots

We define the relatively dyadic wakes W as the open set not containing ¢ and
bounded by the closure of the rays R, and Wf/2 = WA 5. 28 the open set

bounded by the closure of the rays R%i and disjoint from WO For any c € Ag
the filled-in Julia set K. C K., defined above, coincides with the points in the
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filled-in Julia set of K., whose orbits never enters the relatively dyadic wakes
W§ and Wy, (see (2)).

The key point in the proof of Proposition 6 is that if a carrot intersects
Ag, then it is entirely contained in Ay and its dynamical counter part in the
dynamical planes of Q). is either contained in W¥,, or has a univalent forward
image, which is. In order to prove the theorem we shall wrap the dynamical
counter part of each dyadic carrot inside the relatively dyadic wake WY, in an
annulus in Wy, moving holomorphically with ¢ € Ag and of modulus bounded
uniformly from below. We do this in the next subsection.

Let A; Jom denotes the dynamical filed of dyadic carrots. They are defined
as ¢, (A, /2m ), where we use for ¢! the maximal radial extension. (We can
then view the carrots A of M as the set of parameters for which ¢ belong to the
corresponding carrot A€ of the Filled Julia set K..)

Lemma 33. The graph

Ge=0D°uon°u | J (025 vaBg) u | (925 uaBs) L AUS
n=1 n=0

does not intersect any of the dynamical dyadic carrots A;/zm.

Proof. All such carrots are at dyadic angles and only Af§ extends further than
potential 1/2. O

Corollary 34. Such a carrot is thus wrapped by an annulus of modulus at least
m(c) > 0, contained in D° and thus disjoint from K.

Proof. No dynamical plane dyadic carrot A; Jon intersects G¢. Hence any such
dyadic carrot in the relative dyadic wake W€ 5 of the filled Julia set K for

fe : U — Uy is contained in one of the sets {2¢ or E; for some n > 1. It then
follows from Lemma 22. O

6 Transfer to the parameter plane

We shall use an argument to transfer bounds on moduli of dynamical annuli
to bounds on moduli of corresponding parameter annuli. This argument was
pioneered by Shishikura (see also [R]).

We have fixed a base point namely ¢, € Ay C Ay the center of the central
hyperbolic component of M’. Note that on F(2) D Ag the Béttcher-coordinate
at co defines a holomorphic motion of the set C\ F'* (1) extending the Béttcher-
motion of G. By Slodkowski’s extension theorem there exists a global holo-
morphic motion H : Ag x C — C over Ay with base point ¢, and extending
the Bottcher-motion of the graph G union C~\.F° (1), in particular we obtain
holomorphic motions of US* D De. As usual for ¢ € Ag write H.(-) = H(c,"),
then each map H, : C — C is a quasi-conformal homeomorphism with a dilata-
tion bounded uniformly above by logda(c, ¢y), where da (-, -) denotes hyperbolic
distance in Ag.
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Let (5(])”/,5{‘//[; denote the parameter rays of the same angle as 58,5f/2 for

¢ € M’ Define similarly to D¢ the parameter disk DM < A;~M’ as the
disc bounded by (5{‘//1; union the subarc of EM(1) connecting the endpoints
of 5{% Then DM is relatively compact in Ag. Let y: A9 — C be the
map x(c¢) = H_;1'(c). Then y is locally quasi-regular with dilatation K(c)
bounded by logda(c,cp). By construction the restriction y : (9Dﬂ(“)ch is a
homeomorphism. Hence the restriction y : DM’ — D% is the restriction of
a quasi-conformal homeomorphism with dilatation bounded by K = K;,, =
max{logda (¢, cp)|c € DM'}.

Define QM = y=1(Q¢) ¢ DM  and BM = y~1(BM') c DM', n > 1. Then
any dyadic carrot A, jon C le\/g is contained in one of the disks QM or BM’
and is thus wrapped in an annulus with a modulus bounded from below by
K /5 - m(cp) according to Lemma 22.

Rename D¢ =: DT/Q, DM’ —. D{V/[; and x =: x1/2. We have proved that
any dyadic carrot A, o= in the relative 1/2 wake Wf\/g of M’ is wrapped in
an annulus of modulus uniformly bounded from below and contained in the
disk D{%, which is disjoint from M’. Moreover the annuli are g-c images of
corresponding annuli in the dynamical plane of ().,. We shall prove by induction
the similar statements for any other relative dyadic wake Wwf% of M’. The only
difference is that the bounds on the dilatation of the g-¢c homeomorphisms ;. /2

and hence on the moduli of annuli in the Wﬁ% wake depends on r/2%. As a
remedy for this we shall apply the Levin-Yoccoz parameter inequality once more.
Here follow the details.

Recall that Vi is the connected component of U§~\J§ containing the critical
point w, and V¢ = (V). We shall need also the extension V¢ = Ve DE of
V¢ and its iterated preimages ‘N/,f = fe ("_1)(‘7f). Define parameter disks Ag,
s>1by _

Ay ={clece VI )

Evidently A, D Ay41. Note that the condition ¢ € V¢ is equivalent to f5(w,) €
VE. Rename G =: G¢; and define recursively , G441 = f1(G%) U G for
s > 1. Then as noted above Gf moves holomorphically in Ag D A; and we
shall prove as part of the induction on s > 2, that for ¢ € A4 the critical value
¢ & G°_1, so that G°5 moves holomorphically over Aj.

For s = 2 notice that, by the above c € W/Q if and only if ¢ € D{% Thus
¢ ¢ G° for any ¢ € As, so that G§ moves holomorphically with ¢ € As. For
¢ € Ay let Dy, o, for 7 = 1,3 denote the connected components of fc_l(Df/z)

containing the r /22 dyadic decorations and define Di‘//I;Q C A as the parameter
disks bounded by the corresponding parameter ray segments and equipotential
level.

Rename the previous holomorphic motion H to H; and let Hz denote the
restriction of Hj to Ay x (C\V,*). Extend Hy to a motion including V">~V

using the Bottcher-motion and extend Hy further to Ay x fz 1(D§;2) by fto
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Hi(c, f,(2)), where the inverse branches are taken so as to map D?}QQ quasi-
conformically onto D¢ o2 Finally use Slodkowski’s extension theorem to extend

this holomorphic motion to a holomorphic motion of C over the disk As (i.e.
extend the motion by a motion of V5). By the same argument as above
the map y2 : Ay — V| given by xa(c) = (H2).(c) is a locally quasi regular
map. Again by construction ys : 3D7{V/[;2 — 8Dﬁ*}22 are homeomorphisms so
that the restrictions X2 : Df,%2 —_ GDC*}Q2 are quasi-conformal. However on

the sets DM, /22 the holomorphic motion Hs is a conjugacy between the holo-
morphic maps f., and f.. Hence the dilatation of (Hz), at z equals that of
(Hy), at fc,(z). Hence again the dilatation of x, on DTJ,\%Z is again bounded by
bound given by K. /5: = max{logda(c,cp)|c € %} Arguing as in the initial
case corresponding to s = 1 completes the case s = 2. The inductive step is
completely similar and is left to the reader.

Let H' denote the central hyperbolic component of M’'. Then for k suffi-

ciently large ¢ belongs to the pj /¢, limb Lp Jd, of H'. Applying the Yoccoz-

Levin parameter inequality Theorem 15 to H' we find that the diameter of
LH',  union its attached dyadic carrots is bounded uniformly by C'/¢’ for some
constant C' = Cp. Arguing as in the beginning of the ﬁrst reduction we can
assume that pj} /g, = p'/q for all large k. The set W1 / , N Ay is relatively
compact in Ag so that

sup{logda(c,cp)lc € W, /q/ NAY=K=K1 / ;< 00.

Hence the dyadic carrots Ay either has a diamter which a priori tends to zero
or such carrots are separated from M’ by an annulus in Ag~M’ of modulus at
least m(cp)/K. And in the latter case their diameters are forced to converge to
zero a posteriori. Because the roots ¢, € Ay, converge to coo € M/,

This completes the proof that if Ag 3 ¢, — coo € M’, then the diameter of
Ay converge to zero. For the case ¢, € Ap~ Ay we necessarily have ¢, = ¢,
where ¢, denotes the root of M’. To prove that the diameter of Ay converge to
zero also in this case let

AP ={ce Ap|lccUS}.

Where U = f7™(Uf§), (it may or may not be connected) for n > 1.

For any ¢ € Ag the sets 9=, n > 0 move holomorphically with c¢. Define
AS = E7NEf ., then the A are quadrilaterals with a-sides the boundary arcs
0A5, N Ry and 0A7 N Ry . Moreover JA7 even move holomorphically with
(S (AO U AS) Let

M —fceAl|ce AS)
denote the corresponding parameter quadrilaterals. Then the root ¢, of M’ be-
long to AL, for all n. Choose by Slodkowski’s extension theorem a holomorphic

motion

0 AP x Ay —C
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over AY with base point ¢, of the quadrilateral A" extending the Bottcher
motion of its boundary.

For ¢ € AL the restriction f7 : A — A$ is biholomorphic. Hence we may
lift the motion HY to a holomorphic motion

P r
H": A x AT — C.
As with the annuli above define quasi-conformal homeomorphisms
pn : AM JE Asr

by pn(c) = (H™)"'(c). Then as above these have q.-c. distortion bounded by
the distortion of the q.-c. homeomorphisms H?(-), ¢ € AM". That is bounded
by

K = sup{logdyr(c,c;)|c € A%l}

which is uniformly bounded, because AM" c A cc AL Thus all the quadri-
laterals AM" have modulus bounded uniformly from below by mod(AS)/K.
Moreover the a-sides of these quadrilaterals are all contained in the two rays
Rg{ " and Ré‘ﬁ ' co-landing at ¢,.. By the Grotzsch-inequality for annuli the eu-

clidean diameter of A,I‘{I/ tend to zero and the closures converge to c¢.. By
construction no dyadic carrot intersects the boundary of any of the AM ". Thus
also in this case the diameter of Ay converge to zero as k — oo. This completes
the proof in the case ¢, belongs to a primitive first renormalization copy.

7 The satelite case

In the complementary satelite case M’ = M, ,, with central hyperbolic com-
ponent M/, attached at internal argument exp(i27p/q) from the central hy-
perbolic component Hy of M. Let as above 6_ < 6, be the arguments of the
parameter rays co-landing at the root and bounding the wake sz. Recall
that coo € M, /4 is the limiting parameter of the roots of dyadic carrots and
that these dyadic carrots are eventually contained in W,

We apply the Yoccoz-Levin parameter inequality Corollary 15 similarly as we
have done twice above. This reduces the problem to the case where c,, belongs
to a relative p’/q’-limb Li’;f; of Hy/, for some p'/q" # 0/1 and the dyadic
carrots Ay are subsets of the corresponding wake ij’ é ;
by 7— < 74 the arguments of the parameter rays bounding Wif é ; and define
A=Ao= W;{%f‘ NFM(2). Let IM" = [Mr/a denote the Cantor set of arguments
of parameter rays accumulating M’ as given by the Douady tuning algorithm.
Then 74 € IM" and each has a unique preimage 74 = o~ 9(74) N IM" different
from itself. For ¢ € A let U§ denote the disk containg the fixed point a® of Q.
and bounded by the segments (R(Cfi(?,) U Rii(ﬂ)) N F¢(1) for 0 < ¢ < ¢ union

the connecting subarcs of E°(1). Denote by ¢ the open subarc of dU§ N E°(1)

for large k. Denote
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Figure 7: The disks Ug, UT, B§ and =§.

intersecting the rays Rg and let 7§ = OUg~.°. As in the primitive case write
66 = (R§_URG,)NFe(1) for c € A.

Then the whole setup is similar to the primitive case. We can thus define
Q¢ B, B, E5 1, By for n > 0 and G¢, all of which moves holomorphically
with ¢ € A. There are however two differences: The first is that the center of
H,,q does not belong to A. The arguments we used in the primitive case are
in-sensitive to a change of base point ¢, to another point in the interior of M.
We shall thus take as base point ¢, € A the center of the central hyperbolic

component Hg%? C W;;’q/ 7. The second difference is that the Yoccoz-Levin
parameter inequality is applied to the sublimbs of the hyperbolic component
H:,(% 7. We leave the details to the reader.

This completes the satelite case and thus completes the proof of Proposi-
tion 6.

8 Proving Theorem 3

The proof of Theorem 3 is completely analogous to the proof above of Theorem 1.
Let M’ be any copy of M inside M or M;. In the arguments above replace
the carrot field A of M by the dyadic decorations A’ of M’. As any decoration
A’ jon is contained in the relatively dyadic wake WTI%n bounded by the r/2"
pair of co-landing relatively dyadic rays of M’. And as external rays do not
cross the above arguments applies with the rays replaced by the corresponding
rays relative to M’. That is use Yoccoz parameter inequality and the iterated
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Yoccoz parameter puzzle theorem relative to M’ to prove that: diam(A’;) — 0
for any sequence of decorations (A’y); with roots ¢ converging to a relatively
non renormalizable parameter co, € M’. Secondly consider the case co, € M”,
where M"” C M’ is a relative to M’ first renormalizable copy of M belonging
to some p/q limb of the central hyperbolic component H' of M’. Use again the
9’ /¢’ Yoccoz puzzle relative to M’ to define the parameter disk A containing M"
similarly as we defined A for M’ above. And define also A” and +,, analogously,
i.e. with the aid of the p’/¢’ puzzle piece P and rays relative to M’ given by
Theorem 19 for M’. Similarly let §,, be defined in terms the pairs co-landing
rays which are dyadic relative to M. From here the proof proceeds analogously.

Appendix

In this appendix we supply for completeness proofs of the two theorems we refer
to, but for which we have not been able to find either adequate or complete
proofs in the litterature.

Theorem 12 (The Levin-Yoccoz Dynamical Inequality). Let H be any hyper-
bolic component of M of period k. Let p/q be any non zero reduced rational
and let Wﬁq denote the relative p/q wake of H, bounded by parameter rays with

arguments 0 < n_ < ny < 1. For any c € Wﬁq let A denote the multiplier of
the repelling k-periodic common landing point o of the kq periodic rays Ry,
Then o has combinatorial rotation number p/q and X has a logarithm A such
that:
2klog2cosf =

q w(c)’
where 0 € | — /2,7 /2[ is the argument of A — p/q2mi and w(c) is the angle of
vision of the interval i2n[n_,ny] from Log ¢.(c) € {z =z +iy|0 < y < 27}.

A —p/q2mi| <

Proof. Levin proved the fixed point case k¥ = 1 in [L, TH. 5.1], the general
case is similar. For completeness we sketch here a proof. Let us first recall the
proof of Yoccoz inequality (or the Pommerenke-Levin-Yoccoz inequaltiy), full
details can be found in [P]. Let T denote the quotient torus 7' = D*/Q¥, where
D* = {2/0 < |z — /| < r} and 7 > 0 is chosen so small that Q% is univalent
on D = D*U{a'} and D cC Q¥(D). Let II: D* — T denote the natural
projection. The two rays R} belong to the same orbit and define combinatorial
rotation number p/q for /. Let v =II(D* N R} ) =I(D*N R} ). Then v is a
Jordan curve and thus the pair (T, ) has a conformal modulus which satisfies
a Grotzsch inequality.

Let wy = exp(i2mns). Then Q(w_) = wy and qu(wi) = wyg. Simi-
larly to T" above let T denote the quotient torus T = D~ / Qk where D* is a
small punctured disk centered at say w_ and let II: D* — T denote the nat-
ural projection. Then H(D* N 'S') are two disjoint Jordan curves in T7 with
complement two disjoint, symmetric and straight annuli A; and A,. Moreover
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N = ﬁ(ﬁ* N R,,_) is the Jordan equator of A, and
mod(4;) + mod(A,) = 2mod(4,) = mod(T’,7).

If ¢ € M so that K. is connected, the B&ttcher coordinate at oo induces an
isomorphism between A, and II(S) where S is the connected component of
D* N B¢(00) containing the end of Ry . Hence the Grétzsch inequality for
(T, ~) implies that

mod(4,) < mod(T,7). (3)

Writting out the values of these two numbers explicitly yields the Yoccoz dy-
namical inequality: The torus T is isomorphic to C*/Az via the linearizer for Q¥
at o/, or equivalently to C/(ZA + Zi27) via the log-linearizer. Let II,, : C — T
denote the universal covering corresponding to the latter isomorphism. Then
the Jordan curve v = II(D* N Ry, ) lifts under I1,, to an arc I', which is invariant
under the translation z — z + L, where L = gA — pi27 for some appropriate
logarithm A of A\. A simple computation shows that

27 cos 6
mod(T,v) =
(T,7) o]

where 6 is the angle between the vector L and the positive real axis. A similar
computation shows that

~ 2m
2mod(4,) = mod(T,7) = .
Hence (3) is equivalent to
2k log 2
|A—§i27r|§ kogq COSH, ()

which is Yoccoz inequality.

If c ¢ Mlet 0 < 60 < 1 denote the argument of ¢, i.e. ¢ € Rj. Then
the Bottcher coordinate ¢, at infinity does not extend to a biholomorphic map
between B¢(co) and C~\D, but almost: It extends to a biholomorphic map of
C~F¢(h) onto C~ID(e”) where h = g.(c)/2. Let 1. denote the inverse of this
extension, then . extends continuously to C (O,eh)7 but this extension is not
injective because 0 = v.(exp(h + 2mi6/2)) = .(exp(h + 27 (0 + 1)/2)). Let
C = g.(c)+i270, Ng = [e?™ ¢.(c)] and N,, = Qy " (Np). Define N = U, >N,
and N} = Up>oNi. Then Qo(Nj) = NJ and 1. is easily seen to extend by
iterated lifting to a univalent map from Cy := C\(D U Ny) into B¢(c0). The
map Qo lifts under exp(z) to the map z +— 2z on C. That is exp is a simultanuous
linearizer for all the repelling periodic points of Qg. The corresponding lifted sets
Nj =1log(N}), j = 0,1 are invariant under translation by i27 and 2N, = 2N}).
Thus if w = exp(i2r7) € S! is periodic and if 0 < 7 < 1 does not belong to
the orbit of 8, then Cy contains a definite sector around the horizontal ET =
{t +i277|t > 0}, which projects to R? under exp: Let ; < 7 < 7, be the
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arguments closest to 6 of points in the orbit of w. Then the sectors S, between
R, = {t+ 27|t > 0} and the oblique line through i277; in the direction
v = C' — 1277, and S, between ﬁn = {t 4+ i277.|t > 0} and the oblique line
through 277, in the direction v, = C' — 277, are contained in Csq: If not some
line segment L with exp(L) € N,, for some n > 1 intersects say S;. But then
2™ [, intersects the sector 2”5; with top point 2”7, and is also congruent modulo
i2m to Lo = [i270, C] with exp(Lg) = Np. Since the 2"7; is an argument for a
point in the orbit of w this contradicts that 7; is the closest such argument for
points in the orbit of w. B

Consequently the sector S around R, bounded by the two lines through 277
and of directions v; and v, is contained in Cy.

In the case at hand ¢ € Wﬁq implies that n0 < ny and for n = n_ we have
n— =, N+ = Nr. Let w; and w, denote the angle of inclination of the vectors
C —i277 and C — 4277, respectively. Then the opening angle w of S equals
w, —w; and the sector S projects to a straight subannulus A% of A, with

mod(A?) = Lmod(A,).
m
Arguing as for the proof of the Yoccoz inequality we obtain
mod(A%) = Emod(Ao) < mod(T, 7).
T

Properly rewritten as with (4) above, this is the Levin-Yoccoz inequality except
for the interpretation of w. This interpretation is however an elementary exercise
in planar geometry and is left to the reader. By continuity the inequality even
holds on 8Wﬁq, where either w; or w, but not both is zero. O

Theorem 23. Let 0 < n— < ny < 1 be rationals for which the parameter
rays R,lﬁ coland at some point cg € M and let W,%‘i[,m denote the parameter

sector bounded by Rlnvf U{c} U R};ﬁ and not containing 0. Then the forward
orbits of ny do not enter the interval In—,ny[. And for any c € W}]\f,m the pair
of dynamical rays R;, move homorphically with ¢, co-land at some repelling
(pre)periodic point z(c) with Q¥ +1(z(c)) = QL(z(c)), wherel > 0 is the common
preperiod of N+ and k' > 0 divides the common period k > 0 of o'(n+) and the
set By U{z(c)} UR), bounds a sector W€ containing c, but not 0.

Proof. This theorem is at least folklore. We supply a proof here for complete-
ness. We shall treat separately the strictly preperiodic case { > 0 and the
periodic case [ = 0. For the strictly preperiodic case we have k = ¢k’ with g > 1
and ¢y admits precisely g external arguments 0 < 0y < ... < 6,1 < 1 both in
dynamical plane and in parameter plane by the Douady-Hubbard ray landing
theorem. The arguments 1_ < n4 are amongst these. The set

q—1
re=UR;,
i=0
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moves holomorphically with ¢ in C\fiM, where

q—1 k+l

M= U U R,

i=0 j=1

Because the Bottcher coordinate ¢. depends holomorphically on ¢ and thus
R¢ moves holomorphically with ¢ as long as ¢ does not belong to the strict
forward orbit of R°¢. Write WCIXI for the sector bounded by Rgf U Rgfﬁl. Then

M M : M A BPM _ s
W2, € W' and it suffices to prove that Wa' N RY = (. For the later it is

enough to prove that

q—1 k+1

U U O'j(tgi) N [90, Gq,l] =0. (5)

i=0 j=1

To this end let us consider the Hubbard tree T for (.. In this strictly
preperiodic case T is the minimal connected subset of K, = J,. containing the

orbit
k+1

0 (0) = |J @2, 0.

As the orbit O (0) is forward invariant, so is T°°. Moreover any extremal point
of T belongs to O (0) by minimality. As QZD is a local homeomorphism for
all j the critical value ¢y = Q¢,(0) is necessarily an extremal point. This implies
(5). Notice that the conclusion of the theorem holds in this case even for ¢ in a
neighbourhood of W

The periodic case is similar and yet slighly different. The common landing
point ¢g of the two parameter rays R,lﬁ is the root of a hyperbolic component
H # Hy. Let us rename cq to ¢ and use ¢ to denote the center of H. As above
the dynamical rays R;  moves holomorphically on C~RM, where

k—1
pM _ M M
M=) B, VRN,
j=0
And to prove the theorem it suffices to prove that Ri° and R; coland at a
repelling periodic point z(cg) in the dynamical plane of Q., and that

k—1

U/ ue(ng) | nln-,ns[=0.
=0

Again the proof is that ¢y is extremal in the Hubbard tree T for Q., and
that Ry9 coland at a k' periodic point z(co), k’|k on the boundary of the Fatou
component F of ¢yg. Notice that in this case the Hubbard tree is defined as the
minimal D-H regulated set. Where D-H regulated means that for any Fatou
component F the image ¢(F N T) under the extended Bottcher coordinate
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consists of radial lines. The proof of extremality of ¢y in T, is the same as in
the preperiodic case. Also by minimality z(cg) = dFoNT is the unique periodic
point on the boundary of Fy whose period divides k. By the Douady-Hubbard

ray landing theorem 2(co) is the common landing point of R, . O
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