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Abstract

Using the CTRW approximation the simplest possible non-
trivial model of AC hopping conductivity in disordered solids,
is constructed. The model predicts universality of the fre-
quency-dependent conductivity, independent of temperature,
chemical composition, and conductivity mechanism, in reasonably
good agreement with experiments. Also, it is shown that all
qualitative features of experimental AC hopping conductivity

can be understood within the model.




Hopping conductivity in disordered solids has been studied
for several years. The basic characteristic of hopping conduc-
tivity is a power-law frequency-dependence of the real part of the

conductivity, 6’(w) , at high frequencies, w :

Re olw) « w? M

This was first observed by Pollék and Geballe in 1961 ﬁ] .
They fqund that conducﬁivity in n-type doped crystalline
silicon is well described by an exponent s equal to 0,8
 Ssince then, power-law frequency-dependent conductivit§ has been
observed in a wide variety of disordered solids, including
~amorphous semiconductors, organic}solids; and oxide glaéses [2].
One finds values of s between 0,5 anail1,0 , often very
close to one '[}} . AC hopping conductivity has been reviewed
by'several authors [3—6] .

When discussing hopping'conductivity one usually thinks of
electronic or polaronic hopping. For instance, conductivity
in amorphous semiconductors is believed to be due to éhonon—
assisted quantum-mechanical tunneling of electrons/polarons
between localiiéd states in the mobiiity gap [3] . But hop-
ping conductivify arises also in the entirely different context
of ionic conductivity in oxide glasses (reviewed in Ref. 5, 7
and 8). Glass ionic conductivity also obeys eq. (1). Actually,
there seems to be a close relationship between ionic and elec-
tronic conductivity in oxide glasses. Both give rise to

_ . @ﬁg}&ﬁnical . ‘

exactly identical” loss peaks, as has been emphasized by Isard
and by Owen [9, 3] . This fact 1is very surprising because
‘ionic conductivity is a classical, thermally activated process,

while electronic hopping conductivity involves quantum-




mechanical tunneling. This "paradox" presents a challenge to
any theory of hopping conductivity in disordered solids.

An approach which is frequently adopted in the calculation
of AC loss in amorphous semiconductors, is the pair approxima-
tion. It is assumed that AC loss-is mainly due to electron
jumps between pairs of localized states fﬂﬂ . In this model
there is an approximate power-law behaviour of the conductivity

at high frequencies with the exponent s 'given by

S == d /{M Rl Gd(w) = { + Lr ) (2)
(i /{,h w /(M.(IUTP),)
Here, Tw, is ‘a characteristic phonon-time (of order 10-12 s).

For usual laboratory frequencies eq. (2) yields a value-of s
close to 0,8 , which in the early days of amorphous physics
was thought to be the universal exponent of AC hopping conduc-
tivity D1] . However, the pair approximation suffers from
several weaknesses. First of all, the approximation certainly
does not apply at low frequencies, and the transition to DC
conductivity can not be understood within this approximation.
But even at high frequencies there are problems. Equation (2)
predicts that s 1is a slowly decreasing function of the fre-
quency. This has never been observed, if s varies at all it
is an increasing function of the frequency Eﬂ . Also, in
order to explain the frequently observed s-values close to one
(e. g. in most amorphous solids at low temperatures) one has
to assume values of Trh smaller than 10-20 s. But this is
totally unrealistic.

A sounder approach to hopping conductivity is to consider

the actual random walk of the charge carriers in the disordered

solid. This approach was pioneered by Scher and Lax in their



important papers-from 1573 Dg] . They developed the continu-
ous fime random Qalk approximation (CTRW). Here, the disorder-
ed solid is modelled as-.-a regular lattice with randomly varying
jump frequencies, X , between the lattice-sites. Today CTRW '
'is known to be equivalent to the Hartree—appf&ximatibn,‘the
simplest possible non-trivial mean-field approximation [Kﬂ .
All jump-jump correlations are ignored in CTRW. There exist
more'accurate (and more involved) mean-field approximations

(e. g. EMA [ﬂﬂ ), but we shall here use CTRW. In CTRW the
conductivity is given by [13, 14

!
6 (W) = —iw < |
K AW+ ( Nt Aimw : (3)

where K 1is .a constant (dependent on charge carrier concen-

tration, average jump distance, temperature, etc), and ( )
denotes the average over the jump frequency distribution F(ﬂ .
By means of eq. (3) 6(w) is determined solely by F%X) and
. we now address the probiem of derivingvthe simplest pessible
F(ﬁ which still contains the essential physics of hopping
conductivity. In the case of electronic tunneling between

localized states, the jump frequency is essentially given by [ﬁﬂ

Yo -24r W |
ra T _

¥y« rTe e , - (4)
where P 1is the jump disténce, A{ is the decay parameter for

the wavefunctions of the localized states, W is the energy
difference between the two states, k is the Boltzmann constant,
and T is the temperature. If the jump distance varies as rl

and W varies randomly, one finds that F(” is given by xﬂ

times some logarithmic terms. If jumps to more than one




nearest neighbour are allowed, the resulting jump frequency
distribution is the above distribution convoluted with itself
a number of times. Again one ends up with a yq—term times
some logarithmic terms, which are not very important compared
to the jq—term. Thus, a good approximation té the correct

jump frequency distribution is

N |
() = . . { 5
p U3 U ) X'XM(X(X”‘"") (5)

where two cut—off's,XM“ and YMaxr has been introduced, and
%:: -%sﬁ% . It is now easy to understand the surprising
similarity between electronic and ionic hopping conductivity: A
randomly varying ion jump activation energy will produce exact-
ly the same jump frequency distribution as in the electronic

case (eq. (5)), and thereby the same &(w) (eq. (3)).

Substituting eqg. (5) into eqg. (3) we find

AM( | +4%/ S ma )
) + i/ Ypay
Equation (6) implies that the conductivity rises from the DC

clw=W]-1w+iw . (6)

conductivity, 66 , to a high frequency conductivity, 6w , in
the frequency-range between Y,,;, and anx' While Xhm is seen
experimentally as defining the transition from DC to AC conduc-
tivity, there is in most cases no sign of any leveling off of
the conductivity at high frequencies. It is therefore desir-
able to eliminate the artificial cu£-off at Ymay - But just
letting Y, 90 to infinity does not work since &lw) diverges
in this limit. Instead we use the following renormalization

procedure: The DC conductivity is (from eqg. (6)) given by




; o

ér; -1 -1 . (7)
Ymin = Xw«x
For large ﬁ the first term in eq. (6) can be ignored, so
substituting K'lu]l from eq. (7) into eq. (6) we find |
‘ Aw Yoty = Y]
6w = 6, Min —_Zmay (8)
| + 41w/ ¥ max

Now it is possible to let xmn,go to infinity. 1In this limit
we find

G’(W)= & twt | | (9)

’ /{IL<I+/iw'f) !

’ - |
where 1= th\~ The real part of the conductiviiy is given by

Re G'(IU]-" ory wr A”’ Tan (wt) ‘ ‘(10): |

(/(M\/'+(WT)2)2+(APC+QM (wf))z ’

The .model predicts a universal frequency-dependence of the

conductivity (excépt for scale transformations), independent

of chemical composition and temperature. Universality of o (w)
in suitably reduced units has been frequently discussed in
connection with hopping conductivity [5, 9; 12, 16} , but always
in more restricted contexts. In fig.1 the predicted real part
of the conductivity is drawn together with data (randomly selec-
ted from the literature) for various hopping systems. A care-.
fﬁl inspection of fig.1 reveals that the ambitious_claim of
complete universality is not in agreement with experiments.

But the model certainly reproduces the overall trend of the
data. At high frequencies the conductivity follows an approx-'

imate poWer—law. The exponent s is approximately given by




lie

| - 2
n (wt)

Exact values of s for different wT are given in tabel 1.

S

(11

As in the pair approximation s is always less than one.
Contrary to the pair approximation, but in agreement with
experiments [5] , the theory predicts that s is a slightly
increasing function df the freéuency. At very high frequencies
s approaches one. Thus, as a consequence of the universality
the theory predicts that whenever an exponent s close to one
is observed, the DC conductivity is very small compared to the
AC conductivity.

Equation (7) predicts proportionality between Gbs and {ghQRIﬂ
(for ¥min4{ ¥mayx)- This proportionality is due to the fact
that the jump frequency distribution eq. (5) strongly emphasiz-
es the smallest jump frequencies, which also are the most
important for 6, because they partially act as traps. Propor-
tionality between 6% and the dielectric loss peak frequency
(which in the present model is-of order ') has been known
experimentally for several years [8, 9, 12] . Actually, the
constant K is proportional to T"I l}i] , SO for a given sample

we have
G, = £ (12)
'T /

where F is a temperature-independent constant. Substituting

eqg. (12) into eqg. (9) we get

— (13)



In éll hopping systems Gp is zero at zero temperature, so from
egs. (11) and (12) we conclude that the eprnent s (at a
definite frequency) gdes to one as the temperature goes to
zero. This is what is always observed [3] . Equation (13)
prescribes how to displace the universal GYuﬂ4curve as the
temperature‘varieg ﬁ%] . In fig.2 is shown the predicted and
measured: G(w) at some different témperaﬁures for amorphous ger-
mapium. The agreement between theory and experiments is good}
In conclusion, a simple model of AC hopping conductivity
has been constructed. Thé model suggests that fhe physics of AC
hopping conductivity mayrbe simpler than has hitherto been
rec§gnized.. The model is semi-phenomenological in the sense

that the absolute values of 6o and 1 are not predicted.
1)

Three approximations are involved in the model: the CTRW

approximation, 2) a jump frequency distribution proportional

3)

to iq, and the existence of a sharp cut-off at thl. " As

regards the last point, it should be noted that in the casé of

nearest-neighbour hopping between localized states, a sharp

cut-off is indeed realicstic. This is a consequence of the

exponential factor in the Hertz nearest-neighbour distance
|

. . -cpd
distribution: P(Ha r-’_‘e r

. [j4] . At lowitemperatures, when
. variable-range hopéing is believed tc take p;ace B1]lthe sharp
cut-off becomes unrealistic. Also, in the case of glass ionic
conductivity, a sharp jump frequency cut-off may well be
questioned. However, the cut-off problem only affects the
transitién from DC to AC conductivity.
" The model predicts universality of the frequency-dependent
conductivity (in suitable units), independent of chemicai com-

position and temperature. Although exact uniVersality is not

observed (fig.1), the claim of universality has a number of




interesting qualitativé consequences. First of all, electronic,
polaronic and ionic hopping conductivity in disordered solids
should be éimilar. Any hopping systeh should have a power-law
frequency dependence of the AC conductivity. The exponent s

is predicted to be a slightly increasing function of the fre-
quency, and smaller than, but close to one. Considering the v
téhperhtufé—dépenéencé ofVBTwaf a paiticulaf;spééimen, the
univerSalify iﬁplies in pértiéulaf teﬁperature—indepehdeﬁt di-
electric loss peaks. Also, s 1is predicted to be a decreasing
function of temperature, which approaches one as T goes to
zero. The AC conductivity is less temperature-dependent than
the DC conductivity, and in the limit of s$=| the AC conducti-
vity becomes practically temperature-independent. All of the
above predictions are in agreement with experiments. [2, 3, 4,
5, 2%] . Thus, the proposed semi-phenomenological model
correctly predicts the qualitative features of AC hopping

conductivity.




- 8a -

Some further comments

In the proposed model, the frequency-dependent conductivity
is‘actually determined purely from the DC properties. To see
this, we remind that the dielectric constant, 8(&0 , 1s re-
lated to @&lw) by

£, Elo)= - —Llwl= e
0o CW)T — 4 v
4 w .

t

(14)

From egs. (9) and (14) one finds that the low-frequency dielec-

tric constant, A4 § , is given by

2

E AE= 5 6,T (15)

Substituting eq. (15} into eq. (9) we get

G/((U) = 2 AW €, A§ (16}

M(I_'_ Ziué'a:oAZ) /

from which the required result follows.

In ref. [2] Jonscher points out that while the DC conductivi-
ty varies very much for different solids, the high—frequency‘
AC conductivity lies in a surprisingly né}row range. This fact
can be understood Within the model. From egs. (10) and (15)

we find for the conductivities of two different solids, Gdnﬂb)

and @ (1\(‘0):

Aim —Re ew) Ag” (17)
w0 Ko 0°¥(w) 48
(@)

where Aim and 4 ¢ are the low-frequency dielectric constants




C_gp -

of the two solids. These dielectric constants varies typically
as n-a2 , where n 1is the charge carrier density and a 1is

. the typical distance between the charge carriers ( aA/n_1/3).

1/3, i. e. AE is only very

Thus one finds that Aga n
weakly dependent on n . From this Jonschers observation fol-
lows.

NamikaWa has shown that many glasses obey lﬁ?]

G’oz C wmaoAg, (18)

where Wy, is the dielectric maximum loss frequency, and C
is a constant of order one. In the proposed model of AC hopping
conductivity eq. (17) is satisfied with C = 0,42
Finally, a note on the renormalisation procedure. We let

A go to infinity and K go to zero in such a way that &)
is constant. This limit corresponds to considering a system
with a very large cut-off frequency"x max and a small char-
ge carrier density. The fact that the charge carrier density
is small, justifies the sharp cut-off at Xnﬁn , as was dis-

cussed in the conclusion of the paper.
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Figure Captions

Fig. 1: Predictions of the model (full curve) and some experimentél
data for various hopping systemé. The phenomenological
time T has been chosen for each data set to fit the curve
as well as possible. The data represgnt hopping conducti-

1)

vity in: n-doped crystalline silicon ( X ) [1]

(using the universal condﬁctivity curve [52] ),

2)sputtered films of arsenic at 295 K ( o) [3] ,
)ionically conducting élasses (e. g. sodium silicates etc.)
(@) ( GZhasbbeen éalculated using Namikawa's formula

| 7 [61, 4) glow discharge silicon at 283 K ( A )

[18] ‘ 5-)silicon monoxide at 241 K ( 4 ) [19} , 6)ar'nor-.

phous germanium at 88,5 K (0O ) [20] ’ 7)Mn1,8NiO,6COO,604

at various temperatures (using the universal curve -of

fig.8a [21] ) ( V), 8)monolayer of stearic acid at

300k (0 ) [22] .

Fig. 2: Compérison between the pfediction of eq. (13) }full curves)
and measurements on amorphous éermanium at varicus tempera-
tures [ZQI . The universal conducti?ity curve has been
fitted.to the dqta at 77 K, and then displaced according

to eq. (13) to fit the daté at the other temperatures.

Tab. 1. Model predictions of the exponent s defined by

s = d““ Re slw) at various WwT . Also, the
o An w 2

approximate expression of s , |- T

y is included

(eg. (11)).
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