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ABRSTRACT

A brief review of the history of ac ionic and electronic
conduction in disordered solids is given, followed by a detailed
treatment of the simplest oossible realistic model: the rarndom
free ernergy barrier model. This model assumes the conduction
takes place by hopnoing, where the hopping charge carriers are
subject to spatially randomly varying energy barriers. The model
"is solved in the CTRW and the EMA anpreximations, and it is shown
that the two solutions are almost indistinguishable. In the
madel, the Frequemcy dependent corductivity is completely
determnivied from a kriowledge of the do conductivity and the
‘dielectric loss stwéngth. The random free ernergy barrier model
predicts correctly éll qualitative features of ac conduction in
‘disordered solids, énd a comparison to experiments on a rumber of

solids shows that the model is also gquantitatively satisfactory.

IMFUFA, Roskilde Universitetscenter, Postbox 260, 4000 Rosskilde



1. INTRODUCTION

One of the most characteristic properties of electrical
conduction in disorderec solids is a strong disbersibh of the
- ' 2 :
conductivity at subphorion freaquencies (w(( 10 Hz). At very low

frequencies one generally ocbserves a constant conductivity while

“at higher frequercies the conductivity becomes strongly frequency

dapenqenﬁ,'vaﬁying'appvaximately as ajp&wer of fhe frequency
[1-51.. The increase in cornductivity cohfihues_bigﬁt up to phornorn

frequencies. This behaviour is observed in a wide variety of

: ﬁon—metaI1i¢ di;&hdered.solids and has been stqdied'eﬁtensively
 duwiﬁg.fh9 last EO‘years."The clasges‘of qiSOﬂdered solids
'=iﬁVes£igétéd inciuae: ibﬁic :mnductive-glésééé 16,7,83, ionic Df
;eléct»mﬂicncéﬁduct;ng'pplymersﬂtg,lﬂj, qﬁgénic 5émjcopdﬁ¢tors

€113, amorphaus semicanductors L1-41, nén-stoichiometric ar

highly defadtive'chyﬁtals (e. Q. dxideé) Elé], or . doped

semiconductqr'sihgle érystals [131. Even highly viscous liquids

behave as a disordered solid as regards ionic conduction.

ﬁll'disaﬁdewed solids show the same beha?ibuw with respect

to their ac prmperﬁiés. This is true'ﬂpt orly for the fﬁeqUenqy'

dependence but alsa for the temperature dependence, where a

Istrahgly témperatuFe dependent (usQally‘erhéniUS)'qc‘
'condueti?ity»is dpseryéd,»while the ac conductivity depends much
"l@ss or temperature and becomes almoét tempewafure independent as

" T=»0 . This uniform behaviour of'G@m7)~for very different solids

has beern Hpointed cout a number of years apo [&,3,5,141 but is

" still mat gererally aopreciated.  And indeed, the fact that ionic

cand electronic conducting solids show similar behaviowr is quite

SUrprITIng. Tt weans that we carmot expect to learn much about




microscopic details of a solid from measuring the freguency oo
témperatu»e.depéndewce of the conductivity.

Qs’witneésed by a 1awgé number -of publicatioﬁs and a
continued interest in the field, ac conduction in disordered
sxlids is a subject of interest on its cwn. More often, however;
the focus is on de fwanspﬁrt only. It is important to realise’
that, even in these cases, a proper undéwstahding of ac
cﬁnduction js important in order tﬂAaPPiVE at a correct picture
of the dc t%ansoowt. This is:because de and ac conducticn are
both due to the éamé mechanism (sec. &). In pafticular, this
implies that a ﬁew'interpretatimh of the dec corductivity
aétivat;on energy 1s necessary. As shown in séc..3, thé de
ehewgies needed to gccount for the frequency dispersion. This
fact is important for a proper understanding of transport in
disordeved solids. - It implies that most pveseﬁ% models for de
conduction, thermopower, Hall effect, ete, in disordered solids,
are too simple to be realistic.

The simplest anc indeed the most commor explanation for
increasing conductivity with increasing freguency is the
existerce of crne or the other Kirmd of inhomogeneities in the
solid. This is cansistent with the fact that strong frequency
dispersion of the cornductivity is cbserved enly in disordered
solids. The irhomooeneities may be of a microscopic or a more
macroscopic nature, In this paper happing models will be
discussed. In hopﬁing madels one makes the assumption of
inhomogeneity on the atomic scale, by assuming randomly varying
Junp freguerncles for the charpe carriers. It is the purpose of
this paper to show that even very simple hoppirg models are able

to give a gqualitatively correct picture of ac conduction in

T
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-181, has the f@lluwihg cutline: .Sec.

. “disordered solids. By taking Sbma_care in deriving thé models,

“itxis hoped that the paper may contribute te make hopping models

more papular among experimentalists. The paper, which

summarises, clarifies and extenads recent work by the author (15-

z bﬁiefly reviews the

history of the subject. In sec. 3 a géheral discussian of

heopping models is'giVen. It is argued that in order to arrive at

realistic hopping madels, any effect of a cut—off at larpge jump

frequercies should be eliminated. In sec. 4 we discuss what is

-prbbapiy the simplest possible model which explains all

obsefyations, a ‘model based on the aéSUMption.of randomly varying
free eriergy barriers for Jumps.-.This_model is solved in the CTRW

and'iﬁ'the effect ive mgdium»approximation; and it is shown that

‘the two solutions are élﬁost‘iQEnticalL~'Finélly, in sec.-5 a

. .discussion is giveh. - g




2. AC CONDUCTION IN DISORDERED SOLIDS: A BRIEF REVIEW

j'F"r*:’eqt.i'e'\'u:;y dependent condiction in disordered salids is a
very broad field anq pwﬁbablyrnmbméy has a full general view of
fi it. 'Differr‘ef:-t schools have erher"ged within the field [51: Though

. ’using,diffefant éerﬁinalégy,‘théae scﬁonls discuss quite'similar
_experimemtal-faets.‘ In reviewing the field it is convenient to
.Féllow the términalmgy of the different schools ana only
subsequently poinﬁ cut tne similarities.
Historically one‘eaﬁ disfinguish two schools depernding on the
- preferred way of preéenting data (5]. The "dielectric” school
uses the dielectric éanstaﬁtv Ew)= £'(wl-i &"(w) while the
. "semiconductor sch@ol prefers to speak about the cornductivity
6w)= 0"(‘0)'“- 6'(w) . These two gquantities are related by

£, sHw) = olw) = & (ol

(1)

where &, is the vacuum permittivity. More recentiy it has become ‘
popular to present ionic conductivity data in terms of the

. . Sl
electric modulus, HWEMW +LM(W | defined £191 by

H(w): Lw . @)

6 (W)

" The use of ﬂ&ﬂ has the advantage that there is no corntribution to
"
H(W) from electraode capacitances. Alsec, it is rnot necessary to

subtract &) firom 6Ww) in arder to get peaks in the imaginary

-~ g U IR - - - o N = ¢ y u 1 3
part. inaiiy, even the inpedance Z(WI=Z (W)"-Z ("") is sometimes
used e MO RT g dana, usuwally plotted in & complex impedance
e - ' il
grag-eng, . - . i - 20w and y=-ZﬁdE7].
3 L Trsns araaes of A comnoguction in disordered
N
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émlids @ereAcaFFiQdAéuf by wpﬁkefs within the dielectric schoal
abéut 30 yéafs ag&i'.TypiQal asystems coﬂsidewedAwere ionic
conductivevmxide‘glasses L6, 201. These solids were studied much
because of teéhmalogicai infewest: An understanding of the
dielectric loss in glass as Function oFAFPequency aﬁd temperature
became important Fof fhe alectrics industﬁy in the fifties when
one started to comstruct large trahsmittiﬂg valves, X-ray tubes
and similar products £211]. Siﬁce dielectric loss in liquids had
already'beeﬁ studied For many years, it was-natuwallto report
cbservations in tewﬁs =f the dielectric - -loss. In glasses,

however, it is necessary to subtwact‘the non—zero de conductivity

iv order to get proper dielectric loss peaks (eqg. (1)). This was

done withouﬁ further Justification, .although it was soon
discavered'thaf there is & cidﬁe corrélatian beﬁwean,dc
cunductioh and dielectric loss [(E&].

The mairn . features af dielectric less in iomic conduct ive

glassés,.as established by the ernd of the fifties (e, 20,882,237,

care: 1) very broad dielectric loss peaks with a temperature.

independent snape @ang arn almast Trequerncy indeperdent loss at

high freguercies, ancd &) an Arrhenius temperature dependent
dielectric loss peak Freguency Wm with the same activation

cenerpny as the de cOwductivify" Point twa means that Wy arnd 60»

are proporticonal, It was soon discovered that the constant of

Cpropartionality is almost uwniversal, varying only weakly with

tenmperature and pglasg compasition LE23]. A claser analysis of the
proporticnality was carried sout by Bartor, Nakajima and Namikawa
(24-261 who found the following equation to be valid For maost

glasses

6'(0):PA£v€owm . : (3)




. Here Az 15 the dlelectruc loss strength, 1. @ Af‘ &(a) 2(00) s

”>3and p is-a temperature 1ndependent numer1cal constant _of nrder )

i.*faone., Qt ordlnary temperatures A¢ is usually not very much

..dxffefent fvom one, thereby exp1a1n1ng the approxlmate >:
4:unxversa11ty of Gﬁiﬁum B Equatxon'(S), wh1ch applxes also For.
. Velectronxc conduétxng dlsordered solxds C27 ES]A 91}1 bg referrédi
: to as the BNN—relat1on [18]. -Itvcabrres vehy'xmpor€§ﬁf' | |
lnformatzoﬂ, te;lzﬁg;us_yhat<aé and ﬁq doéduction:afe;cfoéely
;jcoﬁrelated apdimust be dﬁeftp the same mechanism. A number of

,.models have been prbpoééd éo'éxﬁlain the BNN-relation but none of

o these models can expla1n at the same - txme ‘the broad "loss peaks
;;i:? 5w1thout vxolat1ng the BNN—relat1on EIBJ.. A » |
) . Perhaps the-earllest model for ac prﬁpehties of ionic'
 91asses ;s,Stevels’zand:Tayloﬁ's Péndom potential energy model
EEO,EE,EéJ. This model was only qualitative and did not discuss
;the BNN—reiation. In the.model it is assumed that the ions feel
a more or léss randomly varying potential energy deriving from
:the random network structure of the glass. For de conduction the
Elargest energy barriers have to be overcome, while laower barriers
are involved for~ac_¢onduétion since only a limited distanqe has
to bé travelleg. Though quite attractive, if was for many years
believed that this model is inconsistent with experiments. It
was thought that the model predicts a lower activation energy for
Wwm than for Uﬂﬁ, and also that a distribution of activation
xener‘gies impliesza £emperatuve dependent shape of the loss peak
t7, 8, 1473. EBoth thinmgs are wrong as becomes evident in secs. 4
and 5 whare a model is discussed which is essentially wothing but
‘Stevels? and Taylor’s old random potential energy model.

T Work within the semiconductor school started in 1961 when




llak and Geball measurnd fhe ac pwnpertles of n—type

crystalllne 5111cov at very lLaw temperatures [131. They observed

Tk Ry -

an apprux1mate power law for the ac cormductivity
N/ L
o'lw) «« w” o)

with am exponent s close to 0.8 . Sirce then it has been
customary to speak about power-law Fheduéney dependences,
inferred from straight lines irn log-log plots. However, even
almoest perfectly straight lines does nof mear that UYw) is.an
exéct power—law. - This is rot. always remembered, and equatiomé
like (4) have created some confusion in the fiéld by being taken
11tera11y. fo avioid this, one bhnuld preferably anly. speak about
aggrnx1mate puwev-ldws when dlgCUbSlﬂg exper1m9nts.

DUPth the 51xtles the btudy of amorphous semicendmctors

emerged as a vew and exciting Field]within semiéﬁnﬁucto% physics.
As regards ac properties. it WBS'Sdbh %Dund‘that.a11 amaPphous
semiconductors odey @d. (4), andg for mqs% syétems sfudiéq cne
A : found values of s close to 0.8 [47. Q'simple madéI.FqR this

is the pair approximation which was advanced by Austin and Mot t

)4

in 1963 [30], generalising Pollak’ s and Geballe’'s ideas [131].

The pair appraximation as’umeq that ac losses are due to
turmeling between pairs of lucall‘ed states. For a random
distributicri of turmeling d1stances'aﬂe Finds an approximate .

R s ©power—law ac conductivity with exponent given by [30)
5=+ Youra .

G wher: Ph~hw a typieal phornon time. | For ordinary laboratory

freguernces @g. (9) gives s¥0.0 . Despite this success, the

7
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'paiw approximation has a numbe; of problens and today it carnmot
be regarded as a sericous candidate for explaining experiments:
Equation (3) predicts s is,a,weakly decréasimg %uhction_of
frequency whegeas experimentally s is weakly irncreasing [313].
Qléo; fhe\paih apprmximétfan canricit Expléin the transition to
‘frequencyrindependent conductivity atrlow frequencies —- an
xexpr‘cess;ic'h of the form 6w 6'(6)+Aw9 does riot Fit data at low
frequerncies where a loss peak appears, shawiﬁg that ac and dc
conduction are due to the same mechanisn ES,EBJ. Firmally, it has
been founq that s%0.8 is not univéréally valid siﬁcé % always
converges to one as f goes to zerc [31,321].
More fefihed ﬁadels were suggested inrthe'seventies and

‘early eighties cohsidewing Mhoppivng models, i. e. random walks in
. systems withvspatiaily Fandamly varying gump frequencies. This
approach was develmﬁed by Scher arnd L.ax irn 1273 [33] building on
earlier ideés af Miller and Abrahams [34]1. 8Scher and Lax
calculated G@ﬂ in their hopping model by appraximating the
spatially inhomopEneous markovian wandom walk by a homogereous
norn-markovian Mortroll-beiss type "cantinuwous time random waie"
(CTRW) [351]. Today the CTRW approximation is recognised as the
simplest possible mon-trivial mearn-field approximation Tooa
calcﬁlating 6@0) in random media.  Arcound 1380 the coherewnt
potermtial approximation (36,371 was introduced indepnendently by
several workers in the field, where it became krnown as the
effective medium aoproximation (EMA) [38-413. Bttempts were alsa
made to improve the.pair approximation.  The correlated barrienr
happing model is & version of ftne pailr appraximat ioon which
predicts s-~1 as T-20 (38,4281, Alternatively, by retuwrning to
the ocrigival Miller—Abrahams caulvalent-circuit, Summerfield and

Butcher succeedeo in Joining the pailr aporoximat iorn smoosthly to




the de coviduct ion inA£heir exterded péir approximat ion (EPA)
 [43]. Iﬁ'pfaétiéai abéiicatign§ the Epﬁvié verY-%imilar to the
EMQ; bath appraximatiomé lead ta selfeconsistency equations for
b’(w) .
Hopping madels- are markavian, i. e. the charge caﬁvi@r Jump

praobanhilities are assumed to be time independent, and this leads

to simple exporential decays of the probability for a charge

R

carrier to sfay at a given site in the solid. The observed
pvanoqﬂbed Fraouenmy disoersion of the conduétivity is attributed
Cte spatial disarder'ﬁn the solids, resulting in broad
.distwibutioné @fvreiaxation times (waiting times). A conpletely
‘diffevent approach tﬁ the problem is possible, however, namely to
assume the fumdamenﬁal hahoing process is itself hoh—ekpoﬂential

[44,453]1. Models along these lires have not vet come up with

definite predictiahg aoout O(w) , typ;éaiiy there is in the models
ane adjustable parameter cdrwe%pondiﬁg tq s in eq.'(4). ﬁt
present there-seemS'tD‘bebﬁo:reasoh to assume Fundamertal non-—
‘markovian processes to lie behind the ac éqhductian and therefore
Dnly.models based or éimple mxponentiéi_de@aYS wiiijbevConsddewed.
'in this paper.
The dielectric and thelsemicomductdﬁ échools mot only
preseﬁt data in terms of differentvquamtities but théy also have
‘different emhnasié LSh. warkérs from tﬁe dielectric school were
» ’ - . .
~always mainly intéwested in the loss peaks: and did riot put much
- effort inta an.inve%tigatiﬁn of thélﬂegiOH of frequercies much
‘largew tharn the loss peak Frequerncy. Ivy éantrast, this region
has always been reparded as oFf main interest by the semiconductor
school. This 15 because no frecuency deperdence armalopous to eq.
(4) is féund in 5iﬁ§1@-ar95tm1 semiconductors where Sud=5b)lAp to

microwave frequerncles. Alsa, exnerimentalists within the



Csemiconductor schoaol traditionally assumed ac conduction to take
place by a‘mechanisﬁ combletely different from that behind the dco
conduct ion, thereby making irrelevant arny detailed investigation
of the freguency regiog where the traﬁsition to de corduction
ccéurs.

As regérds the.quéstion of the best way of présenting clata
we suggest~50ﬂ is tbibe preferred compared to £Ww) . or er). The
conductivity is the more furndamertal guantity, beirng divectly
related to fhe equilibrium cuwweﬁt—current fluctuatiohé via the

Kubo formula (463

, 00 |
6(14))1 | ' <T(0)TH) éwﬂol'ﬁ} (6)

3kTV
where J is the fofal current in volume V , k and T have
their wusual meaning; Reflecting also the fundamental rnature of
the conduectivity 1s the fact that the dissipation per unit time
and unit volume is qu»i times the square of the current
density. Finally, there is no simple interpretation of 5@0 o M{w)
as defirned by eq. (1) in terms of fluctuwating dipole moments. A
Focué on the dielectric loss does have some merit, though. As
ment iorned already, the very Fact that peaks in £"w) are seen at
all is very important, sivice this demonstrates that de and ac
conduction are both due to the same mechanism. Also, the early
discovery of the BNN-relation for ionic glasses was due to the
dielectric school while the analogue for amorphous semiconductors
only recently hasg beewn firmly established [28,47].

HWe end this section by listing the general features of ac
conduct iorn 1n dlsaﬁdewem w0l ios which are observed almost without
exception and wihich a czatisfachory model should explain

- Pt -y —y - ol ! : -
[1—-&,28, 31, 327 : 1)y Far GlW)CWﬂ obhserves an approximate nower-iaw



ifwith ahjéqunéht s less than or egual to ore, and usually close

“to'aﬁe.' If‘ényAdeviatimﬂﬁ fram a pawermléw are seern it
‘cmrfespandé to a weakly increasing siw) . &) At lower
freguencies there is a gradual transition to a Fwequenéy
“independent cornductivity. The trarmsition takes place around the
‘1085 peak frequercy. 3) Whernever the dc conductivity is
'{measurable there is always-a dielectric loss peak. The peak
'F»equency‘satisfies the,HNN—éelation eq. (3). When there is ro
~measurable dc conauctivity the éxponemt 8 is very close to orne.
A#) As regards the temperature dependence, Go) and Wy, are usually
Qrwhenius with the éame;activation engrgy though more complicated_
tembeﬁaturé depencierices are occasiqﬂaiyy observed, e. g. in group
v amcrphaus semiéoﬁdqetavs. 5) The shape of thé loss peak is
-tempewaturé ihdebendent;f &) The ac cﬁhductivity is 1955’
témperatuge'dependeﬁt £Han;theAdc canductivify (Qhen coﬁsiderédf
ir the usual log—loy plot of fig. 1). For s=1 the aé |
conductivity is pracfically independent qf_tempewatﬁwe, 7) Thé‘
expanen;» 5 depéhds”aﬁféemﬁerature and for-T#D ane'Finds,.qu .
Thué, tﬁe ae canouctiyity_bmcaﬂes almast tempefatuwe indepéndewt
as T=0 . 8) Even tﬁaqgh-gjﬂ'may Qawy,maﬁy ordérﬁ.of magwitude,
the ac cohductivity vaéie5 oﬂly Felativelyllittle (cme ar t@u
owdeﬁs oflmagﬁitude) Féﬁ’diffeﬁent solids‘anﬁ'different
témpewatuP95; -— in Hec. 4 a simple h@ppgﬁg model will be
¢onsideﬁéd;which'can explain all fheselfaéts; bﬁt first a pereral

discussion of hopping models is given.

11



3. HOPPING MODELS

Thotugh & complete madel for glass icnic conductivity dees
izt exist,tﬁday,'the,basic transport mecharnism, namely,thefmally
a&tivate& hepping acwossran enargy barrier descﬁibeﬁ by Eyring’s
réte thecry:[483, ié seldomly disputed. Beirng a stochastic
tﬁeohy, rate*fheéry-leads to simple expénential decays for the
probapility af staying at ar energy nminimum for a quasi-particle.
Conductivity described by rate theory is usually referred to as

hopping candqbtiyity, Whi. le iopic conductivity ié a classical

thérmally aéti?atéd'process, eléctranic cdnducti&ity ié bel ieved
to be of quaﬁtum-mechani&al nature. The fact that the two kind
af canducticn in disordered solids are guite similar is
surprising and must’ provige an important piece of information.
The simplest explanétion of the analongy is that even electronic
conguction in disordered solids is to be described by a hopping
mode l. In fact, hopping between pairs of localised states has
always been assumed ta explain ac conduction irn amorphous
semiconductors, wiile do transoort, with the important exception
of Mott's variable rarmpe nopping maodel C43, traditionally has
beeri thought to take place via extended state conduction, Since
de and ac conduction are due to the Séme mechanism (sec. &),
however, this approach must be abandoned and one has to-assume do
conduction is due to hopping as well. In the electronic case,
the hamsic transport mechanism is probably guaantum—mechanical
turmeling between lacalized states. Ta ensure arnergy
conservation the turmeling must be phoncrm~assisted. This
destroys any quantum coherence effects and electronic hopping is
thus of stochastic ~Aatuwe just as ionic hopping.

Electrons are raErmions, of course, but even ions behave as

[ 30
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hopping of yvon—interacting "quasi-particles”" and this is what is

fermions as Peéawdﬁ'their hopping properties. This is because .

the Cooulomb repulsi&n betweern ions and the firdte ion size imply
here is only room Ffor one don ivi each potential ernergy minimum

in the solid. In the master EQuatioﬁ descriptiorn of hopping

fermions, it is usuwally assumed %“hat tranmsitions involve only hop

.of a single fermion, Even then, the master equation is very

complicated and further simplifications must be introduced to

arrive at a tractable model. Ry assuming-the site ccocupation
numbers doo ot Fluctu&té‘in time it is possible to "project” the
master equation intﬁ three dimensions, thereby gettivg rid of any
interactions between the particles including that induced by
fermistatistics [491. The reswlting master équatibn describes
usually meant by a hoppihg model. It is important t§ remember,

however, that hopping models are built on mearn—-field assumptions

.which are Far fraom cbvicous and carmot be justified in gerneral

[S01.

The basmie fact aocut - ac conduction ;n disordered soiidé is
fhat wa) is an inckeaﬁiﬂg function of frequency. It can be
proved that any hopﬁiﬁg model has this featwre [511. This is rnot

surorising, since by hopping backwards and forwards at places

with high Jump oraobability a quasi-particle méy sizably. .

. contrioute to bthe ac conductivity, while the dec conductivity is

determinecd by *the covercomming of wnfavorable places in the solid
for the formation of a continuous "percolation" path between the
electrodes. The highﬁr the fregquency of the electric field, the

larger is &2 ac conductivity because better use 16 macde of the

sites with very larpz jumo probability. As illustrated in fig.

-

2, the Dooresse in conouetivity continues as long as the

freaguaency 1@ oeer Than Lne maximum onasi—-particle JuMp Frequency



'(Jump probability per unit time) in the solid. For larger
frequencies the conductivity stabilises and becomes constant.

in order to arrive at a corductivity which increases for
many decades of frequency one must assume the jump Frequéncy
distribufioh covers rounhly speaking equally many decades. In
comparison, the Jjump cdistances vary only relatively little. This
'may be rationqlised by assuming all jump distances are the same,
i. e. considering the guasi—-particle random walk to take place on
‘a simple cubic lattice. The stochastic "eguation of motion” for

a quasi-particle is now the fallowing master equation

9 g(fi*) =~ ¥, Ps¢) + ; (3> 53) 73(5‘,%)/ o

where P(8,t) is the probability to find the particle at lattice
site B at time t , ['(3'=>38) is the jump frequency for Jumps
between site 8Y arnd 8 , usuwally assumed to be rorn-zero only

‘when B8' and & are nearest rneighbours, and

X; = Z F(§-> 3')_ (3
. 3

.TD mimic the discrder of the scolid, the ['s are assumed to vary
rand&mly accovdinmg to a probability distributiocn p(P ).
The bagic praoblem we face now is to calculate 6(w) from p(rH.
"This is rnot easy and suitable approximations have to be dane.
Below, the derivatiorn of the CTRW and the EMA approximations is
:bviefly sketched.

Adaopting tha bra and ket notation of quantum-mecnanics, €4Qq.

(7)) can he rewritten as

2 1y = H |y

14



where. ]nr>:=:ZP(§)l§7 is the state with prabability P(8) of
. 3 \ A' . . . . .

Cfinding & partldlé'at site § , and

- = = ‘ =t .=)]% ! '
H = —,E ¥ 13)<3] + > Ms3) |38 . o
SR B R T2 U : S
The solutioh of eq. (9 is |4y = exp(HE) [Y(t=01) . By two
- partial integrationé the Kubo formula for fhﬂ-(eq. (6)) reduces
to [33) = . . 4 ‘
olwl=- 32 | LARWHE T,
,ij v“u © where g and n are charge resp. density of the‘quasi-particles
arnd ('Aﬁz(t))‘-is.;he.méan—squaﬂé displacemenffafiavpaﬁtible in
 time |t ."chthéPgeﬁcé-Factdb' lég 'exb(—ft)"iS;ﬁmplicitiy
) . . . ) . o . T .
fuhderstqog-in'th@'infegra;. ‘IF.all éiteé.aﬁe”edually'pbpulated -

" odncthermal  eguilibriumg 1. @, have th945ame’ehergy,3eq;ﬂ(3r YW

© o lrbecomnes

‘where N is the rumper of lattice sites . and G is the resolvent

Cor Green's Functicn operator for the "Hamiltonian' H g

G: l i o G (13

C . The Greenr’d Function. dependd o the actual values of the pP’s.

Hoppirng systems in three dimensions are believed to be

selfaveraning, so only the average of G over all possible H's,

GY, reeas to oe pvainated in orger ta Find W) . {Ey is
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translationally invariant and we rnow make the ansat:z

<G> —"‘ Lw~,Hc , : . , L aw

‘Here Hc= Hé@u) is a "CHhEPEht" Hamiltonian determived by a

ccherent jump wate r‘lw) in the f--]lnww-q way H.= Pc(-Qlex.sHZlS)(ﬂ)
]

whére.fhe double sum is over rearest rieighbours only. It is =3

ndt havd to show from egs. (18) and (14), and indeed ihtuit;vely

‘obvious, that Glw) is dlrectly anDurtxnwal to flhﬂﬁ 21 For

simplicity fram yiow On we adopt the unit system in which the

constant of pEapowt;OHality is one, i. e. Ghﬁ=ﬂle

Te derive the CTRW approximaticn we write H = He + V where

‘H.

o 1S the diagonal part and V the off-diagonal part of H .

.

If G, is the Green’s function forr Hy , the stancard

perturbation expansian is L£361]
G=6,+6V6+6,V6, VGt | (15)

Averaging this expression orne finds, 1if all correlations are

igrnored,

{6)=46oY+{BIVI4 6y +{Ed VDK oy VDKo 422+ 6

= .
which implies (q)(G)+(ﬁ)W}= 1 . Taking a diagonal elemant of
this operator identity we get the CTRW aoproximation for

ir our rationalised unit system [33, 41, 52, 53]

éO‘:w)Hw < X+Lw > o

The original derivation of the CTRW approximation was made

16



for a wnon-markaoviarn rancdom walk 1n a hamwggneous med i m
chéréctéwised by & §o~ca11ed waiting tiﬁe d}stributimn?Fuhction
[2313. This derivation is inconsistent sirce the assumption of
spatial homogerneity implies the ocurrent autocorrelation fuﬁctian.
is a delta function, éhd'thus 6(Ww)x 6(0) from eq.  (E) c54;553. The
deérivation ﬁf eq. (i?) niven above is due two Odagaki and Lax
E41;SEJ. Hewe‘the CTRW approximation appears as the simplest»

passible viorm-trivial mear—field approximation. -The magnitude of

the do conductivity is usually quite wrmng in the CTRN,'hﬁwever,

throwing doubt on the approach [361. Q~m0bé reliabile way of

evaluating &Ww) is the EMA [38-411, where the idea is to focus on

a particular link of the lattice. Assuming here, as above, that

all site enerpies are equal, one has P (B 8") = P(étqé).
The link is consideied to- be embedded in an average medium

described by the (G) of eq. (14) ana one hﬁh requires

- selfconsistency, so. that, orn the avafage, the system of link plius

averane medium is described by {EY. Writing the effective

} Hami ltonian for this systern, Hei;’ as HGL&? F£+ vV where

_V:(S(w)- P(g-ﬁ'))la.)(a‘ (|a>:.|§>“l-§'>) ., the standard expansion ed.

(15) yields for the Green’s function for  Hey _
Ge;,c %_-<G>‘+<@> T<G> (8

where - - SR '
T‘: V+V<G}V+” = V(l" _<G>V)4 - <194>

The 591FUMWQEtEWCY‘PQQU?PwMEht,Q%“>=<ﬁ>; now leads ;q {T)= o .

A straishiforwars maiculation with @XE-matrices referring to site

g ano 37 nows vhar {iP= 0 ism equivalent to L39, 411 -




, - 6lw) — (7 =)
= 2[¢skensy-<sikelsd]fow-r] ST Y |

This is the EMA equaticn for 6W) ;3 it can be simplified somewhat

‘ by mating that

i | — Lw {3]<6)]3)
K& 5)=<5 KNy = - WA 1)

whiéh follows from éValuating the diagonal element of eq. (14)

written as (iw -H{G)= 1 .

As illustrated in fig. 2, the real part of the conductivity
is am increasing function of Frequency. The increase continues

uritil one reaches the region of freguencies arcund the maximum

Jump frequehcy of the model where the conductivity stabilises.

Irn experiments the conductivity increases until ( = 1cﬂ‘

Hz . At
these high fFrequencies the stochastic assumption of hopping

models seize to be valid and orne enters a region characterised by

‘various resonance effects. At even higher fFrequencies the

congductivity starts decreasing. The stabilisation of fig. &

fpredicted by hopping models is seldomly observed in experiments,

and this supggests that one should try to eliminate completely all

caf fects of the maximum Jump Frequency: This philosaphy is

followed below.
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.4 THE RANDOM FREE.ENERGY BARRIER MODEL.

Equipped-with thé tools of sec. 3 Qe now[addveés the prablem:
 of ?orﬁulating the simplest possible PEalistic mﬁde1 F0ﬁ éc
4cohduction ih disordered solid;. The dc conmductivity is usually
ffher*mal 1y: activated: o(o0) o exp (- Edc ./k_T)..' . . i lieserates iﬂ
fié} 1, thé éé'cqﬂductiv;ty»is much less tehbewature depéndent‘
tﬁén. & (0) ,‘épggeéting i£ i dhminated.by pﬁodeéseg with smaller
'f;aétivaﬁion'éhé&gy than AEac;l The véiue,o?Vthe ac'éonductivity
aétiyatioh energy dépends ﬁn'frequehcy and tempebaturg so it is
-natpval'ta assume,ﬁqonsigteﬁt¢éith fﬁe diéoﬁdeﬁ‘qf tﬁe_sq;id,_
that'ajwholé Fan99~5f;éc£i9afi§n eﬁergieéhi$ ianlvéd. _This‘ideé
‘goes back ‘in ‘time ;;345‘ cafa, 571 and i-t_. was the _bés ic i?i's"r_:quféd_iéntA ir
f,gs’*cgve_ls’ ’a{»:.d "Tay.l'v-:mt" sffmr_i_rvjei- fﬁc-_m 1957 cao,&aj 6 sheuld be.
emphaéised“ﬁhat, even Qiﬁhﬁﬁt-a microscopico bictﬁre;af-thé'.
-trqﬂspdﬁtjmgchanism;jresuitszgé iilustratéd'iﬁ_fig;fl;strphg}y
:suggesf tﬁat any'mbdei fer ad,cﬁmductipn sﬁmuld sdmehaw'bé built
béohithe'éégumptioh,ﬁf @ distributian”ﬁf energy bérviérs; 'prbih§,
;moaels; Df_QEurﬁe,.fif'ﬁ;éer_into.fhﬁs.%inge ;f:is;&eéli$tic‘tal
uaséumé thelindividual4quasi—particie Juﬁps fﬁlbe théwméiiy
 acti9ated aver an gﬁefgyAbéﬁfier. ‘Mgfe HEhékaliy{;Dne gpéaks.

8

:Labmut Freefenergy‘béﬂwieFS-E483-ahd“writes .

(0]
£

Flsos)= MhexpC A

"

where Po 16 the atbempt freguency and the free energy barrier, AF
=4E ~ TAS . is comoosed of an energy barrier AE and an-e@ntropy
~barrier AS . Luantum-mecharical tuhnelliﬂg may be thought of as

providing a negat ave eotro Ny barrier ‘proportional to the
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Zlanguage which, incidently, alsa covers the possibility of

turmel lirng distance. Adopting this téwminology, it is pogsible
to speak abgut ignié and electronic conduction i a unified
r ) &
thermally activated electron or palaron hops éygr enerygy
barriers.

In modéiling a'disowdeved salid,rthe simnlest possible

assumption is that all free Eﬁergy Barriers are equally likely.

Since pd') = p(AF) A(dAF/dP) this means that

fa
8]

F(_P)OC F-’. ~ (

The model defined by eq. (23) will be referred to as the random
free Eﬁergy'barriervmmdel. To solve the model withivm the CTRW
approximation (eq. (17)), the distribution of Y¥'s needs to be

caleculated. Since Y is a sum of ['s (eq. (8)), p(¥) is a

- convolution of p(P):with itself a rnumbher of times. The result is

. R -1 . . L .
a complicated furction, equal to X times some logarithmic

P terms. These terms are not very important compared to the ¥

term, so we approximate p(¥) simply by f4 . Substituting this

into eg. (17) leads to

m A _
T ) (24)
)+iu/xm”

Glw= L |-iw + -
(

b

" where two cut-off’s have been intrcduced, and A: m““/&mm .

According to the philosophy of sec. 3 any influernce of the hioh-
frequency cut—-aff shauld be eliminated. In realistic cases XMMQ(XMQx
implying the second term oF eq. (24) dominates. For freqguencies

W ¥max we thus have

1 fw 9 L
¢ n(l+iwt) 1= B =

G (w) =

T
f]




Fraom this expression we get

o L (6)
6 (0) = 7 - -

which substituted into eqg. (&5) finally gives [15]

LT

By regarding this expression as a formula for GW) with two free .

B (w) = 6(0)

'Pa.r*a‘meters‘, 5l°)l ard T , anvy‘."inlfvl l;;V.t_:é of 'Y»:“'xi“ has n(’."nlw llneé.r‘."
 %oPmé1iy elimiwateq.- | o . |
The randon free energy _mc-lc!el_,pr*ed_icts a Lmiverfsall‘_sh'a.\'pe of 0"(&0)'
‘when plottéd in the u;ual i-:-gelc;g .‘pl-:-ti" lZ,l_S:Ii.Y - In fig. 3 "t'he" model
15 “c:::vmpar*ed §~:- expe’r*imev;‘ts'_"-:-r‘i a number of diff;r*ent-.éql ids. |
Though éxéct ".mive.rfsal'.'it‘y-“is:';m':rt ¢rb59r§ed, the rﬁ-:-dé'l Ai,sl in |
_,jr-:-v-.u_:_lh' agr*géme_ﬂ_t w1th ‘(ax'pue'r‘iment S. The. rﬁc«_del imjpl ies a high .
‘fr*e‘ql.lencly'— bel.jé\'/i-:n.'uj "ve.r‘y c"i.-:-sé.t-:- a p-:-Qéi?—iéw, f‘efniﬁdi_ﬁgj 'us“-:-f'r
‘the darger cﬁ’ 'tljeciché.irng( 'Fl.nir»damervtag‘l‘ pnnwer*nla;vs fr::am\'-‘,.'log'.-ln::'.l‘_.;{ Vpln::t'_s.'
'F-:-r* '103, (wT‘(lD(" wne finds s = C).Bv . Thxs affers a p-:-sr_-s_iblé
gxplahatioh fanr the-FréuQentiy obseﬁved'expéhénts éh@und »o.a'
) [_45. For wT—9e® the e)gj::-#.ga_ht 5 .‘r‘:u;ﬂr:-ver*g"es «.ssl-:;-w.ly"t-:-. e

caccording to the expression [15]

S = [ '//Zn(kff) . S | BN

. —_— '. - l e ! 1;/ B .. o .
This can be easiiy praoved Trom G'(W,oC w IMZ(WT) which is wvalid

wheraver Wil . Ir{ gereral, the model can explain exponents

between Q.7 and 1.0 wnich 18 exactly the interval in which

cone finds the vast majority of reported exporents. Also in




" agreement with experiments is the fact that s{w) is a weakly

increasing function of w -
For the dielectric loss. cne finds by substituting eg. (27)

into eqg. (1)

EH(W) : Z A¢S A“2_+a" f(wt)r ZV - l <29;
| (WTee) +(Arctanton))™ w2

where AE is the dielectric loss strength which is given by
€ pe = L fn)— ‘ i,
Zo A& =7 6(0) L, : (30)

Eduatibn fé?) implies a very Dhoad'iossipeak with artemﬁerature

"indepéndent shape. The loss peak is shown in fig. 4 together

with data for a typical sodium silicate glass. There is a
qualitative but ﬂot:exact agreement between theory and
experiment. -— Important is the fact that the BNN-relation is
satisfied by the model. A numerical analysis of eg. (29) shows
that the loss peak freguerncy i1s given by LUMT'= 4,71 C183.
Combining this with eq. (30) and the definition of the BNN p-

parameter in eg. (3} we get

= O [4-2 . (31)

- Perrw

This rnumber is rnot exactly one as in experiments but must still
be regarded as close to one in comparison to the many orders of
magnitude variations in G6fo) and hh" for the solids where the BNN-—-
relation has been founa [263.

Writirng eq. (30) 1nm the form

T = ZEOAE,/@J(O) (32)




Aimblies a 5ééliﬂg p%incible which has recently beeh discussed hy
.Summerf1eld £471 and also wsed by ‘Scher and Lax in their 1973
papers E33j. The scalxng pr1nc1ole, which essentially is noth1hg
but the-ENN—relatian, allows one tn plat d1fferent experlments
qhto a masteﬁcqrve.A'Dﬁé”may use eithervekpehiments on crie solid
‘at different tempevatures as 111nstrateq-by Pailak,and Geballe's
r1glna1 exmer1ments reolotted in fig. Sé énd é similar figure
“forAmeasuwememts_by Mansmngh and coworkers (f1gr Sy, Dﬂ 
'ﬁeaSUPEMéﬂts at:theAsame:fhéqpency an4differéhtkéélids‘assuped to
ﬁave‘theAsame Ag (fig. uc). | | o
| I Cnﬂhectlﬂﬂ with tho 5ca11ng pPlﬂClplE we remind that A&

ekperimenﬁally véries with'temperature~accmrd1nggto the Curie law.

[ C]
Gy

Aioc :'T‘_',..’_ FHIRE

‘??;faét whi¢h ié acludily alsu predicfed by tne cfﬁw tréatment
Lthéﬁéh 3t has peen 61 dpniby our rdt1onallsed unit system.  Fig;
:6 illus£arte5_the‘u59 aT'Lhe scaling pr‘nc1ple in Longunction
ip}th éq.l(Sé) f-w measurememts by Lung and’ Balkan on amorphnua
gérmaniumtA Ignnflng for a moment Lhe weak temperatnre dep@nd ence
j'o% AE, eq. (3) prnd:gtw th lhiVPPsal CﬁndUCtivity curve %o be
-displacéd.in dgivection 43- to the luq(w)—axls when thP
’temperaturm is chanqed; ‘As the tempewature is lowered GWL?U,
which implies that measuromenta aL a fixed FPPquency in effect
Probeéliabgev gnd’lawger wT on the ﬁnlversal CHﬂdUCblVltV ClPVE.
. v"'SiAr.c;a. c_s-;l as 'wr->0°. , the model thus py*edi(:ts s> 1  as
b:+;9d which is in agweéWEHt with experimernt. Substituting

6L expi- AFg /ki) via ea. (S8 into eq. (28) we find as ‘T-—>(£)

for the mxmonenﬁ 5 , meRasured irn a fixed range of frequencies,

fl
B




.S:I—T/TOJ kTo:La_AEdc. 7 (34

According to the theory, the teﬁpera;ure dependerice of the ac
céhducfivity is much weaker thah that of ﬁhe d% coriductivity.

Note that the tempevature dependence vanishes whenever s=1 .
'Th1s is pﬂéaicted arnd ubse;ved Fnr all systems at low
temperatures, but 6w may also become temperatuw independernt at
Croom temperature for salids with a very lqw, perhaﬁs unmeasuraole .
de conductivity.

In expe%iments.ohe finds téat, thla 6lo) ﬁay Qary rmany
orders of magnitude, the ac conductiQity varies only relatively
'little;ri. e; oane uf two orders of mégnitude, betweer guite
Adifferent.snlids t=1. This can be understocd within the model:

For twe different scolids, 1 and &, we find from eqs. (27) and

(20)

{ (1) -
uﬂy‘ 6’ (w) _ 6:(”(0) T (1) _ AE.(” (35)
waw O P (w) P T® T Ag® - -

'Since the dielectric loss strength usually varies only little
betweenr dif%erent salids at ordinary temperatures, eqg. (28)
expléins,the relatively little spread in ac conguctivity.

Turning riow to the problem of solving the randaom free energy

barrier model within the effective medium apprnximatian, we first

substitute « (1) into - =20) d t-< } 0 o
&0 in eq and ge [+X6

l

’ (3&)
(HX)W r+Xé6 - l

where

T
&~




/X = - 3 ' - } R (37
AN ]-IW(3]<G>’§> : " 4_ o :
It is straignhtforward to calculate the aQevage appearing in eq.
(36) whent the distribution of 175 is given by eq. (23). The

.result is

I-Ilrmlx + 9(5 — L Pmax o
I+ X)ln - = h | —=—— (z8)
FM','" + fXO-' Pmin 4
which is a rather complicated eguation for 5;.(“) . Qccc-r‘divrng to
the philos_oph)}' of sec. 3y however, we are only iﬁter*ested An the
limit of very larpge FMGX . In this limit an important
51mp11f1cat1uh oeours [38]. In the whole rangexof fﬁequehcies
: much smaller than Pmax we have w«lﬁ'llﬂ’l In this region one may

. therefore expahcfx ‘to fiPSt order in “Vbhﬂ:: :

/X::'Z‘f"-'w}/ B I - (39)
LT e T -

.wher } 1s a numeracal Cnﬂbtaﬂt given by EUB,JB]

} 6 77-3 jjs ’.— dx cil:/(xfrzcos(y)uos(z)) | O 253 )‘ v’

The expan51uﬂ in 0. (J9) i nnly pqulble in thPEP ar more

“dimersions where the Green’s furctiown For diffusimn is well-
*‘behaved as W=Ho. Substituting now eq. (29) into éq. (EBi'fnr
both wzw and w=0 we flﬂd.,' since Fm,n((l6(“’)l(< Fmax (which

:fulluws from eg. (38) Dy puttirg X = &), _
; )'Lm’( s (Lme) o
(3+ ¥4 Z6(w)in} 3 "oew) v

which ‘expanded to first order in W/6W) reauces to

-




<l
t

6lo). .. }: (6(0) T'max 33 _ N ww
31’"(6;.)) w 6l b Glw) Y e )IM(l‘b‘(a)) be(w) - O

The second term is unimportant compared to the first term and may

: bé ighnéed, iéadingrto

6 (w) .
G (0) n

where

- - ? : Tmax 3 | |
L = ——3—6—(0)—- (.M 7 610 7 - (44)

IS

Equatiorn (43) was f{rst cerived by Bryksin in 19801for a model of
électrans tunnélliné Eetween nearest rneighbours in a solid with
electron sites wand%mly located in space ([381. The jJump
frequency probability distributiorn of this model is much more

complicated than n , but 1n the limit rkaf’ao the frequency

 dependgent conductivity is the same in the tws models. It is

guite unusual that the £mMA leads to such a simple and beautiful

iequation. Eguation - (38) will hernceforth will be referved to as

Bryksin’s equation.

In fig. 7 the 5wﬁﬂ given by Bryksin’s eguation is compared
to the CTRW saluticorn of the random free energy barrier model (eq.
(27)). The soluticonms are auite similar, lending some credit to
the simple CTRW expression for 6(w) . It is easy to show from eq.
(43) that, even for the EMA solution, the exponent for the ac
conductivity is given by eq. (28) (381, All features o7 the CTRW
saxluticorn are snavea by the solution of Bryvksan’? s ecuation wWwinicnh

thus also aexnlain-s e racnss Irstend Aag 2y oand o 320, . Ir

Sparticulia, ftne OMMmrararton to tacuartiod oy o fae B0 saluadion

T,




"thounn eg. (30) is row replaced by

Eo A8 = 6ldT . S (45)

',:The loss peak frequenny is given by kh1.= 1.709 5o the 'ENN p—

parameter is '
Pema o | e

‘ﬁThis value ié in. somewhat befter-agréementfwith-the”

- experimentally found p ¥ 1 ‘than the Pera

= 0.42 . But fer
TRW ) -

“other purposes the two solutisns are practically idenmtical and
-one may Just as weli use eq. (27) és Bryksin’s equatiah.wniéh
TQHas.to'be,solyed ngmewically'befoﬂe it can bpe gampabeﬂ'tb

i experiments.




S. DISCUSSION

taoking -Back an fﬁe history of ac ¢ohauctian—in disgédered
solids, 1t strikes Gﬁe that a héndful o% nlass téchnﬂlagists very
early establiéhed the gereral features of nlass icmic
conductivity,‘while; deépite extensive research; only much more
receﬁtly the- same feafufes have beern acknowledged to be valid
alsa for elééfwonic conductive discrdered semiconductors. R
likely explénation forrthis is the fact that electronic
candqctivity7W§s alﬁayé‘thought to be much more complicated than
transﬁmrt in;iaﬁiC‘coﬁductive solids, which obviously proceeds
via thermally activated charge carrier jumps sver barriers. The
pairfapprcxiMafion, which seemé;to have delayed a proper
understanding of electromc transport, was rnever really applied
to ionic pglasses because one needs also a mecharnism for the deo
conduction which very earliy was kKhown to be closely related to
the ac conduction. On the octher hand, the traditional ion glass
researchers never came up with realistic models that canm explain
both the BaN-~relation and the breoad dielectric loss peaks [187,
and the more successful random walk models were proposed by
workers within the semiconductor school. Despite extensive
theoretical work, however, these madéls have rot yet become
popular amorng experimental ists. This is perhaps because the
models usually ernd up with complex equations that are far from
transparent in their interpretaticn and have to be solved
numerically. 1t has beew the purpmse of this paper to show that
simple random walk models cdo exist and to encowrage their use.

The Justificap1an 2fF hopping models cones from the fact that
ac and de corducticor are due to the same mecharism. This is 4he

message of Lthe BhNin-raelation (e2g. (3)) which thus becomnes central
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.E); here transport is dominated by contributions from nopoing in

finite clusteﬁs. Finally comes the region where the high
frequenéyfé?t-mff.Starfg to play arole and s(w) decreases to
Zevro with increasing freguency. Thig is where the pair
approximé%lgn gradually becomnes vaiid, i. e. where the

conductivity is macde un of cantributions of indecendent pairs of

sites connected by a link with an assocciated particularly large

Jump rate. This divisiorn into three rehions of freguercy is

“suggestive but rot really based on exact theory. The validity of

the pair apbroximation at high freguencies is an exact result,
though [493. To estimate where the pair appraximation sets in,

let us use the distribution of sec. AA (eq. (23)) which gives

“equal weight to each decade of Jump'frequencies.r In order for a

,link to be "isoclated" from its surroundings, its jump rate must

be larger than the 10 other links it is directly cornmnected to

on the cubic lattice. Thus, since the random free ernergy model

‘weights all decades of jJump frequericy equally, on the logarithmic

-fimal 104 ofF bh

frequerncy axis the pair anproximatiorn will only be valid in the

interval between Pﬂi‘\! and qu , and above

Iri ovrder to fit experiments nux must be at least lD‘le s SO

it

"the pair approximation is rnever of relevance at typical

labogatary frequencies (unlesc at very low femperatuwes), and we
may safely follow the philosophy of sec. 3 to eliminate any
influence of Pmax . In the resulting "renormalized"” hopping
models, all the physics is a consequence of the low-frequency
cut-of f at Ppm - This is complementary to the pair
appraoximat ior where the physics is a conseguence of the baigh-
frequerncy cut-of f (eq. (5)) [17].

When applying Lhe renormalization philosophy to the random

free enerdgy barrier model, one Finds in the UTRW asproximation a

S0




751mn1e Fuumusa Fnr GWJ (Pq.,b 7)) and fn the FMQ a 51mple

%;équa+1nﬂ fnr 6“0)«eq. (4¢)} Qq 111ustrated"' flq.il theseltwm
'isolutlong are alﬁnst 1dent|§au. Since’ Lhe GC‘CnﬂdUCtIVIty ire the
Cwa ap§P0ximatioh geneﬁaliy'ma9 be wr@ﬁg‘by'sevébai»ﬁwderﬁ of
l' ﬁagﬂitude (563 while the EMA value is much mqtéfaccﬁraté, this
‘similarity between fhgvﬁwm szlutions. is far from DSQioué‘énd‘szt 
be regawded as an Pmpirical fact. ‘Qppéwentiy,lthe CTRW is saved
by by L prnsrrwpt'nn uF MI1m1nat1nn Pmax_, leévihg GMYaS’a
free oarxmetew 1n-1h@ mmuwl -'Rucently 1t has ‘been ehmwn by’
Summerf1e1d that several dlfferent madels sdlved rn the EDQ have
almost the same frequency dependence.1n the reg1on of Frequencxesﬁ
where thL hzgh frequency cut—nff 1% 1rrplévant [47].1 He-weferred
to this phenumenon as "qua51fun1verﬁalltyvfszhe Sulutlons oF the
Mndels.dl%cus ed oy - hlm are qulte CluSE to the smlutlnn of the
random rrem mﬂermy baPPIEP mndel suppﬁrtlnq a hypnthés1s ﬁfﬁ

"qua:1—uﬁ1versd11tyv amunq all mudels and wint nnly amnng EPQ

mndelr as ur1w1hally sugnes*ed by Summewfleld..,Thmughzfurth@r
irves tha+1”h nf this hyD”tnGalﬁ 15.neqessawy,fé*pt21imihaﬁy
-uﬂClMSi“h i“ithg+ more o ]err any:madel in the,FmﬁﬁH”iIiMit'

P

gives the same freguency mependemt conduct1v1ty., Ecuajichu(k71”

pwhvidEQ'a simple anhlyb‘ua; vhpweqenLatlon of th1 duési—fl

un i vev‘sa] cu rductivit Y-

Iv *hw 11m1t ﬁf FMNV%OO ,fthe'CTRNZaobrdkimatioﬁ«ié'

)

represented by the elec*r:cal equ1valent c1rcn1t shﬁwn in fxg.
Ba [i6]1. . In the cirecuit all capacitancés are eaua1~wh1le the

resistances vary. Fhe impsmdance Zw) ig giveﬁ by,

<_| " <47>'
R +iwC, R B :- =

Covrespornairg tm ararclomly varying Free energy barriers, cthe
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resistance probability distribution varies as R, the arnalogue

of eq. (23), which implies that -the characteristic time t = RC
is also distvi&uted—accqrdihg té {L,_ If the maximum value of
t-is deroted by T we row get
) = K ! dt _ W dt '
Z v((u = D T = , - (48)
C 7 Hiw C | +iwt .
. 0 : . (o] - -

Since - t' is not normalizable, the coanstant K is urknown and

must be determined selfconsigtehtly. Whern this is deorne after tne
integration has been carried Dmt, eq. (48) reduces to eq. (27).

Note that it ié stﬁaightforward to actually build'the*equivalent‘

. ecircuit in the laboratory, since the ordinary resistarnce scale is

logarithmic Just as the distributicn used in eq. (48).

The physical ihteréretation of the circuit ié rnot guite
cobvious,. Intuitivély, cne may argue that the one-dimensiconal
circuit gives a satisfactory representation of conduction in
three dimensions because the broad distribution of jJump rates

implies that conduction is dominated by conmtributions from

ccertain cotimal paths, the “percolation” paths [17]1. Usually,

however, the circuwit of fig., 8a is rot related to hopping models
but applied to represent conduction in a solid with macroscopic
inhoﬁageneities with different dc resistances £19,359,601. The
idea is that the frequency dispersiors of the conductivity is

due to a kind of Maxwel l-Wapgrer theory of irhomogerecus
dielectrics, as first suggested by Isard (83]1. Even in this
interpretation, no ﬁPQpev Justification has been given for the
representation of a three—dimensional solid by a crne-dimensional
eguivalent circuit, and the circuit thus seems to have no direct
physical interpratation. Instead, tne fact that the orne-—

dimernsional solid modelled by the cireuwlt gives a good

{
Fed
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-de3criptiph of our thfee—dimensianai-Péality ma§ be Pegaﬂded as
Just aﬁother manifestatiah of qﬁasimuniversality.

The equivalant éircuit of the renocrmalized CTRW
approximation is complementary to the equivalent cirecuit of thne
pair appraximaticon shown in fig. 8b. In the pair approximaticon
conduction takes place in paraliel charrels corresponding to
additive admittarnces, while in the CTRW case the impedarnces are
additive, intuitively expressing the fact that charge carriers on
the percolationm paths have to overcome a sequence of barriers.

The Pah&om free enargy barrier model is essentially
identical to SteQelé’ éhd Taylow's "random potential energy
madel" for glass i@nic corauetivity mem'1957»EEQ,EEJ. Theiv
ﬁodel was rever éénéraily~accepted becauée it was thought to
:éontwadict exﬁeriment,gg twn important points [7,8,143: It was

fhuught that a madel based o & distributicon Ef energy barriers

can never give temperatuwre independent loss peaks, and also that

'ﬁhe ENN-re1 at ian implie%:that ibn Jumpss camtwibuting to the ac
cohductivity have.the same activation enerfny as those behind dc'
éonductiun. These omjéctioné ére ihcorrecf, however [183. IF
 a11 barriers are emualiy likely, the Jump Freouency»disffibutiah
.is proport ionmal b F" at all temperatures yielding tehpewature
indeﬁendemt I0BS JEAKS. Amd there is_ébgglutely i problem in
having a whole rampe of activaticon energies involved in the
conductioh'pracess. éctually, from figuwes like Fig. 1| and fig.
€& ome can conclude -that ac cowvduction indeed gggﬁ Mave é‘smaller
activatian eneﬁgy than UC'cowductioh; forcing one to base any
.themry art & cistribubian o @rergy Darrlers where thé de
conductivity zsctivation Enerﬁy 13 then toe maximum activatiom
ereryy involved 1n the conduchtion process. Correspondingly, the

loss ogalr fregquenoy., wadon maecks bYhne anset o ac conduetion, is

isj




esserntially the mirnimum Jumo rate in tne solic: On a time scale
larger than umﬁ the.cenductivity is frequency independent SO the
solid "léaks":haﬁogeneous to the quasiébavtiéles. This can only
- come about if Weis the minimum effective jump frequerncy so- that
' many jumps recessarily are iﬁ?olved for time; >>¢g;‘ . Siﬁce
" both dc conduction énd loss péak frequency are thus determined by
the. c;naxi(:jrum eriergy -barriers. the proportionality bet weern 6(0) and -
Wp in the éNN—relatianjbecomes chvious.

Therwaﬁdbm free energy baw%ier madel predicts a frequency
dependenée of & véry close to & power -law (fig. 3). This may
seem surprising since there is no furndamental power law hidden in
eq. (27), but it just provides an illustration of the old truth
that "anything is afstraight lire ivi & log—~log plot®. Becausge oif
this, one cannot deéucelfundamental power laws from apparvently
straight lirnes in 159—109 plots. On the other hand, it may still
he convenient to discuss measurements and theory in terms of the
"exponent” s .

At the end of sec. & we listed in eight points the
universally found exwerimental facts on ac conduction in
‘disordered solids. In sec. 4 it was shown that the randam free
energy barrier maxdel sxplains all these facts. Here we jJust want
“te point out that these facts are not really indeoendent but
closely interrelated, as becomes evident when the facts -are
‘discussed in light of the model. The fact that o'w) nas a
tempearature independent shape implies that, at lowering the
:temperature, one measures further and further out on the master

curve., Comsrauent iy, since s{w)-=->1 as Wwi-e, the expornent s

measurea 1a a o od range of freouencies converges to one as
T4 . Aiiw, Lhe Bli-relation implies that 60 and wm are
S PPoDOTT T Orees Touadr i bR Faekar of T in 4€& (eq. (33)). If
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. do conductivity: Putting AET

+ “the temoerature is lowered, the conductivity curve is therefore

]fdispléCEd'iﬁ diFe¢fign.45°‘tq'fhe x=axis in the log-log . plot:

It'iS'newfaﬁQigﬁsvﬁhat fhe ac cmﬁductivityWis'Ieésﬂtempérature
debendent,tHah ﬁHe4dc;c@ﬁductivity and fér ekpaﬁehté very close
tos one the éc-cdmductivity must be practica11y tempePature
independent. In particular, this is always the case at.low

temperatures.

The BNN-relatior implies a ‘convernient scaling prirciple

which allhws ore to construct the mastercurve from measurements
-at different temperatures ét a fixéd'fﬁequéncy. Closely related
" to the scaling principle is the fact that the whole of 6lw) is

7determiﬂ9d from the two rumbers 600 and AE (eq. (30) or (45) ).

Experimentally, 4 & uauﬁually'hot very far from one so it is

_paésible to get a rough idea of 6(W) just fram a knqwledge of the

fd

1 in eq. (20 we_geft: %QQ'Which,

whern substituted into eq. (27), pives us O0) . ARt large

-

:

: ‘ wi
- freguerncies, in particular, eg. (27) implies v'(v)zﬁ'lo)m 53 a

. - , . 1} .
_vyough estimate mf'5(w)15

| £, w .
Ln? (‘—U 30/5(0))

Ter summarise the oresent paper, an important point is the

G“(W)-’l)- ] (49)

irrelevance of ‘F,m 'f;:-?j 6W) i realistic situaticns. Letting P,,mx
go t infinity, onevawrives at "renufmalized” hopping models for
wh;ch the pair anpraximat ion never becomeé.valid at hign
frequencies. Qctually,»fﬁe péir apprmximatioh 1% complementary
to fhe renovmaliged CTRW approximation as illustfated in Fig. 8.
The freaquency débendent corductivity of the random free erergy

barrier model is aquite similar o that of & mumber of models

ciscussed by Summerfioeld C47]. Thig supoorts his hypothesis of
er
x|




quasi—universality: All moéels based on broad jump Freaueﬁ:y
distributions yield almast identical 6lw) in the [kmfa“’rliMIt-
Thus it may be concluded. that equation (27) is representative for
many maaels. This equatiom ie in reascrable agreément with
expér;ﬁént. It seems, however, -that the spread among experiments
is somewhatlarger tgan among theomries and one carmot really say
quasi—-universality applies to experiments. More work has to be
dorne to exblaiﬂ this. On acoount of the guasi-universality among
the simple Hopping moadels deseribed by eq. (7)), it seems
reasonable ta assumé that the linearized models are too simple
and interactions have to be taken into account, including, of
course, that due to fermi statistics.

The fact that all discordered solids have similar ac
praoperties means that maly little can be learnt aocut a scolid
frrom measuring its freguency dependent conductivity [31,47,617.
At least, this is the case today with the presert simple linear
hopping theories. Pollak and Pike have sugpested that details of
any particuaiar conduction mechanism snowld be covitained in
deviations From linzarity in tne freguency dependence, i. e. Fﬁam
s=1 [ell. But as is clear from the model discussed in tnis
paper, there are significant deviations from linearity ter or
more decades above the loss peak freqguency, which are solely a
comsequence of the low freguency cut—of f and provide no. inportant
micrasconoic information. We rather supgest that details of any
particular covduction mechanism irn principle could be inferred
from deviations Trom @a. (87) which may be regarded as a zerocin
order aporoximation to o reality. But, as mentiored alreaoy, more
theoretical worw i; reeded before miovoscoplo detairls can be
infearred From measuwed le),

L tan cuestion of bths best way to present data we




recommnend thé.uéefmf.sfw).k Thé~cqﬁaumf;vity'is fundamertal,
 heiﬂgtdiPect1y_Pala£eq_thtﬁe equilibtium current-current
fluctuatiané.-.The use of the frequency dEpethﬂ£ dielectric
constant has one virtue, though, mamely that it reveals loss
peaks, the existence of which is cwuéial to‘prave thaf dc and. ac
COﬂdUCtiﬁh.éPE indeéd due to the same mechanism. The very
popular electric modulﬁé is rnot vecommernded because this guantity
mixes in eFfécts-M’ZEw which, 1f the ideas advahced.here are
:correct; aﬁé-iﬁdeééndentiq% and hotAﬁelated-ta theAéé “
.cﬁnduCtiv;ty._ iﬁ ﬁﬁe pwésénf épprééch,fthe‘tdtél admittance is a
V.sum qffa.hoppihg cpntributiqnvaﬁd a puPe1y imaginary dieléctric
vCﬁﬂfPibutiQ% Frmm fﬁe'afgmic ﬁblarisabifity (Fig.'és; |

" Finally, we wogld like to emphasise again that an
understanding of acjcoﬂauctiaﬁ and its relation to dco conduction
is_impdrtaﬁt, evern if one is anly intéréstéd in steady state
>v't%aﬂSDDPt properties like do Qonauctivity,‘Hali resistance,
thermopo@ew, 2to. Sy thé.pﬁeﬁentvpaper it seehs it car be
safely concluded that a whole distrfbutiﬂm.of eﬁergy barriers is
‘ﬁnvqlved in dé transport.  Theories that do rnot take‘this:inta

account are necessarily incomplete.
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FIGURE CAPTIONS

“Fig. 1: Tyb;cal observations of the frequency depercient
comductivity in a disordered solid at'thweé'diffgrent
 jemperatuPes Ty < Ti( TS,' At low frequencies the caﬂduétivity
isvcohstant and equai to the'd; cdnductivify, while at higher
frequencies the cathctivity Dbeys an‘approximate:mowef law. The
characteristic Fwequemcy narking the onset of ac'cmnduction, the
dielectric laés peak FﬁeQuency hh“,:iﬁmreasas with inc%easihg

" temperature. the fhat; in this‘iogarithmic plot,*thefac |
canductivity is iesé EEmbératufe'debghdeﬁfftﬁanffhe dc   

‘f:qﬁductiyity.uj

‘Fig. 2: Typicéi behéviguflﬁfkqxw) inng h0ppihg"moqe1li.Iﬁ
4:hopping,madels énwiis always ;n incréaéiﬂg Functidh.of fEequency-
[511. ”fhe.saturation:af 6ﬂW) étvhign'fhequencies takes place

,wﬁéh w .is clmse tm-thé maxiﬁﬁvaump'fPequehcy nMax . éﬁly_in -
this'ﬁegioh, fypicéiiy Qiasa to '1C”2Fm:, is-the1paiP s -
”;appfoximatioﬁ valic.. éf Lo frequ@ndieﬁ, thE'DHSE£ of ac
b'cﬁndﬁctiDnAtakés piéce around_the loss peak Frequencyik%." 'fhis

ié the lowest éffemtivé Junmg fréquency mflfhé'system,'Which' o L
cafréquwds to the longest waiting time at a lattice'ﬁife;

 GQnéréiI§ orne ekpectﬁbabh}5 Pmﬁ;s%ince nnm.is fhé lawéét'qdmb

Frequerncy of any ligﬁ,bétwéén two sites.

5%}

Fig. " 3:. The CTRW salution of the random free ernergy barrier
mocel (eq. (27)) compared to experiment onm a number of different
solids (fFim., Za is reproduced from ref. 13). The data Fepreaent

oonductian in: (a): ri—doped orystalline silicon (X)), souttered

films of arsernc (e ), sodiun silicate glasses (C)), nlaw




discharge siliconn (A ), silicon mdnoxide (4+), amorphaous
igermaﬂium (g, NhL;Niabcaacgﬁ (V:), monalayer_of stearic acic
(o );7and (h): a—QszSej at 370 K (X)) [62], viscous O.4Cé(ND3&;—
C).E.KN.C)3 at 33_8.51}4 (o ) A[633_i, viscous HZnClB . 4H, 0 arrt 154:45 K f@)
(641, illdminatéd polycryétﬁlline zinciaxidg (A) [602, vanadium
A :phosphate glass at iG?,K ({-5 (esl, QsFé doped polyphenylacetate
- at 271 K (D) [e63, F%qx—gwﬁww singie cfystalzalumiha in o=~
directicn at 873 K (V)‘C673, 81% tunpsten pnbsmhatevgiass at
S room temperature (O ) [681. For éll data the chavacteriétic time
T has been adJustéd to fit the theory - as well as possible (T
‘varies between 103 ard qu sec. ).

'A,Fig. 4: Theé dielectric loss peak aof the random free enekgy

7barrieh model according to eq. (27) and data for a typical
sodium—-silicate giass (reproduced from ref. 18). The dashed
curve is the Debye dielectric loss peak. There is a qualitative,
but ot exact, agreement between tnecry and experiment , which is

csatisfactory in view of the simplicity of the model.

fFig. 51 Applications of the scaling principle of =q. (32) wnich
is essentially rothing but the BNN-relation. Ivi Fig. S9a arng in
- fig. 3b data for a single sample at diffewemt'Fwequencies and
temperatures are platted, taking advantane of eq. (32) and the
"Curie law eqg. (33). The data are compared to the CTRW solution
af the random free energy barrier model (eq. (27)). Fipg. Sa
considers the mrigihal cata by Pollak and Geballe on heavily

n—doped crystalline silicor at low temperatures, taken from fig.

S of ref. 13. The data was obhtained at the fol lowing
temperatures: & #, 2.9 4, 3 4, 3.8 K, 4.5 K, 5.5 K, at the

following frequencics: O.1 idde (A ), 1 kHz (o), 10 kHz (4,

44




100 kHzr (X ). Fig. &b considers data =g a yanadium phosohate
plass taker fram fié. = Df'ref..GB. The data was obtairned at 83
Ky, 100 R, 125 K, 187 ®, 250 K, at 0.1 kHz (OQ), 1 kHz (V), 10
kHz (A), 100 kHz (0), 8 MHzx (+), 3.6 GH'-: (X). The pigahert:z
data deviates from the masterecwrve, signalling a breakdown of the
theory at very high-frequencies. Inm bath fig. Sa ahd fig. Sh the
constant C  is a fitting parameter: C = 1.9~10ﬂ2 for fig. Sa
and C = 2.1-10"° far fig. Sb inm units of (Acm)PK/Hz,  -= In 'Fig.v
Se data for diffarent chalcopenide glasses are plqtteq.antd.a,
master curve and cohpared to eq.,(27) by assuming the qrf%érent, 
sampleé havg the same dielectric loss sﬁrength ‘AE which bécomes
a fitting parameter (Ag€= ©.6). The data were obtaired.at 300 K
by'sevéval workers, see the references of ref. 70 by Davis aﬁd

Mottt whao comp;ledlthe aata.

-Fig. ©: Comparison,between the predi&tion<af eq..(E7) éﬂq
'measuwememts om.amorphpus permanium at variﬁus temperatures by
Long and Balkarn (713 (FenﬁmchemAFﬂmm ref. 15). The cafa was
fFitted by ea. (E?)‘at 7? 4 oand them diéplacéd accdrding‘fo the
scaling law of =g. (3E) takihg'accquht of eq.  (33). Qt.tne two

lowast. temperatures the do conductivity 1s unkinown and was

treated as & Tibtinmg parameter.

Fig. 7: GComparison bet&een'thm CTRW and the EMA sofutioh of the
random free enerny barrier model.  The full curve ishtnm _TRW
solution (@g. (7)) and the dots mark the EMA salution (eq.

(41)). The two ooluticms are shown for the same value of 6lo) and
A€ which, accord 'i..aﬂr_g boy s, (30) and (45), imﬁlieé —iEHAz ZTCTR\-XI'
The CTRW ancl 3R solutions are almoss inclistimguisnaole, lercing

credit o bhe simolar CTIN approach from the mnore reliable but




also more involved EMA.

?ig.ré: Elecf%icél edﬁivélent ciréuitg for (a) the pair
approximation, and (b) the CTRW approximation in the Pax >0
limit. Néte tﬁat the pair anpfoximation does not have any do
qonduction. This. figure shows that- the two approaches are
' éomplementary{ This is also réfleétediby ﬁna fact that the
égpanént~is in thé-paiv apprdximafion is a furictiorn of the
logarithmic distance from W to the high frequency cut-off
(eq. (5)), while s in the CTRW case is a function of tne
1ogarithmic distaﬂee fc the effective low frequency cut-off at
Wm {eq. | (z28)). | |
. Fig. 93 fotal admittan;e forr a semiconducting disorderea solid
according to hoppigg models. The admittavice is a sum of the
hopping contribution discussed in the present paper, and a
totally wrrelated purely imaginary contribution from the atomic
polarisability given oy the high frequency dielectric constant
Eca . If this picture is correct, the use of the electric
modulus in represemting data is inconvenient, since it mixes in
effects of €46 that are indeperdent of and uwrrelated to the

hopping admittance.
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