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Abstract:

From the principle of virtual work it is shown that, if
equilibrium stress fluctuations are described by a Langevin
equation, there is only one possible extension of this equation
to describe stress fluctuations in a shear flow. Also, it is
shown that the resulting equation is consistent with linear
response theory. The formalism developed may be looked upon as
a method for extending differential constitutive relations to
incorporate thermal fluctuations. A few simple models are
discussed as illustrations. These include a model where the
stress fluctuates freely below a certain limit, and a model
constructed to mimic the Eyring-Tobolsky phenomenological
theory of viscoelastic liquids from the 1940's. It is
concluded that these and similar models, however, do not
realisticly describe real polymeric liquids. To reach this
goal, models involving several stress degrees of freedom will
have to be considered.



- 1. INTRODUCTION

The presently moét popular models of the viscoelasticity
of polymeric liquids are based on a microscopic description,
where tﬁe bead coordinates are the degrees of freedom [1,2].
These models are father'successful but, unfortunatély, also
quite complicatéd to solve. The present paper investigates the
more phenomenological approach to take as basic degree of
freedom the quantity of main interest, the shear stress. 1In
éart, this represents a return to ideas proposed by Eyring,
Tobolsky and coworkers many years ago [3-5]). Here, however, a
fofmalism is developed which is consisteht with statistical
ﬁechanics.‘ This is done by assuming a Langevin eqﬁation for
ﬁhe shear stress dynamics in equilibrium. From this the stress
‘fluctuationsAmay be calculated and thereby, via the.fldcfu—,
étion—dissipatibn theoren, the linear frequency-dependent vis-
éosity. The main fesult of the paper is a proof that the non-
linear response to any shear displacement is uniquely deter-
mined by the requirement that the principle of virtual work is
qbeyed.A This result is derived in Sec. 2. 1In Sec. 3 a few
simple models are worked out. Finally, in Sec. 4 a discussion
is given. It is concluded that, in order to realisticly ﬁodel
reality, the proposed formalism must be generalised to consider

spatially varying stresses.



2. THE UNIQUE COUPLING OF DEFORMATION TO S8TRESS FLUCTUATIONS

:a> Here and henceforth the term stress refers to- the shear

stress o, . The corresponding x-y-shear rate is denoted by
“_m___;;%7ft) f__Tﬁénfiﬁé?ﬁétiéhJ&fégfﬁgfigﬁffﬁédféﬁ_fiT-Efibﬁs a .
hcalculation of the frequency-dependent viscosity, n(w) , in

terms of equilibfium stress fluctuations. The theorem states
that the stress relaxation modulus, G(t) , which is character-

ized by

© . (1)
Nn(w) =f0G(t)e'1‘*’tdt ,

is given by

(2) ‘
sley - p B 3

Here, a sample of volume V 1is considered, s 1is the "total"
stress (i. e. Opy = s/V ), and B = 1/k,T . The subscript zero
on the right hand side of Eq. (2) is introduced to remind that
the autocorrelation function refers to fluctuations in thermal
equilibrium. If R, is the coordinate vector of the i'th bead

and F;; 1is the force from the i'th to the j'th bead, the

quantity s 1is given [2] by

S = _:E:‘Ri,x EE,Y ¢ )
1
(Note that the relaxation modulus of Eq. (2) has a well-defined
limit for V- : this is the usual bulk shear stress relaxation
modulus.)
From now on the following simple model is adopted. The
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liquid is regarded as divided into regions whose stresses
flﬁctuate independently. A discussion of»this rather severe
aﬁproximatign is postponed to Sec. 4. There is just one
relevant degree of freedom in the model, the gquantity s of
Eg. (3) where the sum is now restricted to one region. The
guantity s has dimension energy, but will still be referred
to as the "stress". It is convenient also to redefine "viscos-
ity" by absorbing the region volume, so that viscosity is from
now on simply <s>/y . With these definitions Egs. (1) and (2)

-become

o : (4)
n(w) = Bfo <s(0)s(t)>,e*9tdt .

We remind that Eq. (4) is equivalent to saying that the average

stress for small shear rate y(t) 1is given by

. (5)
<s(t)>y = B[ <s(0)s(t) o7 (£-1) it .

According to statistical mechanics, the probabilitonf an
s-fluctuation in equilibrium is given by the free enérgy as
function of s , - F(s) . TIf T denotes the complete set of
‘microscopic coordinates referring to one region, and s(I'’) and

E(I'). denote respectively the value of s and of energy in

state I , F(s) 1is given by

(6)
e PFls) fe“’E‘P) 8[s-s(I')] dl' .

It is assumed that F(s)»» as Isl»® . Note that the free

energy of one region is given by




__ equilibrium are described by a Langevin equation,

e (7)
e P¥ =f e Prisldg

Now the further assumption is made that the s-fluctuations in

(8)
s = —P—gg + E,( t) . .

Here, u 1is the "mobility" ("velocity"/"force") which deter--
nines the time scale, and &(t) is a Gaussian white noise

term:

(9)
E(E)E(EN> =2 p kT 8 (E-t)) .

While Eq. (8) is a completely phenomenological postulate, it
has the crucial property [2,6,7] that the stationary s-prob-
ability distribution, P,(s) , is that required by statistical

mechanics:

10
PO(S) = N1 g-BF(s (10)

Any initial probability distribution converges to P,(s) as
t-»o ; the equation governing this is the well-known Smoluchow-
ski equation [2,6,7] (sometimes referred to as the Fokker-

Planck equation or just the diffusion equation)

P+ pk,T——

os

op _ 4,6 dF
ot as(“ ds

ap) (11)
A substitution of Eg. (10) into Eg. (11) confirms that P (s)
is the stationary solution.

How is the s-dynamics changed when the liquid flows? The
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simplest way to modify Egq. (8) is to add an extra term coupling

to Y(t) , writing

' (12)
S = —u%g“'v(t)J(s) +E(t) .

fIn Eq. (12) the shear rate plays the role of an external field.
Obviously, J(s) 1s a kind of s-dependent infinite frequency
shear modulus. The Smoluchowski equation corresponding to Eq.
(12) 1is

0?p

Y(t)J]P) + wk,T i (13)
| 952

3P _ a([u dF _

ot  0ds\| ds

We now proceed to show that J(s) 1is uniquely detérmiﬁed by
the principle of virtual work. Then it is shown that, with
this choice of st) , linear response theory is repfoduced, as
is neccesary to have a consistent theory.

For a given probability distribution P(s) the dynamical

free energy, A , is defined [2] by
A =f ds P(s)[F(s) +kzT 1nP(s)] , (14)
The principle of virtual work says that, after the virtual

displacement

.Y(t) =3y o (t) , (15)

A 1s changed by

04 = <s> Oy . (16)

From Eq. (14) the variation in A is given by



52 = ["ds 8P(s) [F(s) +k,T[1n(P(s)) +1]] . (7

Substituting Eq. (15) into Eq. (13) and integrating over a

_small _interval around 0 gives, to lowest order in 6y

OP = —6ya—i(JP) . , (18)

By combihing Egs. (17) and (18) one finds by partial integra-

tions
54 = - 6yf°°d$ F2 (gp) + k,7(1n(p) +1) -2 (UP)
ds , ds Aoy
= 8y ds[dFJP kng
_ 8. _ dJ],.,
5{f_wd5[ ds ks TdSJ

If this is to be consistent with Egq. (16) for all P(s) ,

J(s) nmust obey

dJ
=Y - gEL - ] 20
= B J Bs (20)

The solution of this equation is
J(s) = eBF‘S)fwds’Bs/e‘ﬁF(S’) . (21)
S

All other solutions lead to an exponentially increasing J(s)
and thereby an inconsistent model where s runs off to infin-
ity in any shear flow.

Next it is shown that the J(s) of Eq. (21) ensures that
linear response theory is reproduced. First Eq. (12) is

rewritten as



s = *ll—a% [F-y(t)®P]+E (L) , | (22)
wﬁere

(23)“‘ 

4ae _ J
ds - B

Equation (22) shows that the coupling to the shear displacement
field appears as an extra term, -y(t)é(s) , in the
Hamiltonian. 1In the small shear rate limit, linear response

theory applied to Eq. (22) [2] leads to
<s(t)>. =pf°°y(t-r)_‘ﬁ<c1><0)s(-c>>o dr . (24)
T "o drt

Equation (24) is consistent with Eq. (5) if

d

—E-<<I>(O)s(r)>o = <5(0)s(7) >, " . (25)

To prove Eq. (25)'note'that the &-s correlation function ‘is

given by -

<@ (0)s(t)>, = f:ds/s'f“ds ® (s) P,(5)G,(s,s;1)
(26)

whefe Gy(s,s':7) 1is the equilibrium Green's function. By
éubstituting into this expression the time integrated version

of detailed balance, Py (s)G,(s,s';1) = Py(s')Gy(s',s;7) , one

finds




—-C%<(I>(O)s(1:)> f ds 's’P, (s’)f ds CD(S) 2 (s’)5;1)

) S S | (27)

The Green's function considered as function of the second

variable satisfies Eq. (11), of course, and therefore one gets

& @ (0)s(5)>, = - [“ds's’p (s’ dr.\, p %G

71:5<¢(0)S(E)>° = dssP )f ds <I>(s) [p,a ( Go) F 357 }
tel / dr_ 1 dJ

fdssP(s)fds(J(s) Bds)G(S s;7T)

(28)

Because J(s) satisfies Eq. (20) it is now clear that Eq. (25)

is obeyed.
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3. BSOME SIMPLE MODELS

A. The Gaussian Model

In this model the free energy is assumed to be quadratic
in s
F(s) = —;-ncs2 : (29)

The equilibrium probability distribution is a Gaussian

(30)
off -;oBs’
P, (8) =4l =€ ? ,
5 (S) o
_ which implies
1 A
<g%>, = — . ¢ (31)
0 al3
The "equation of motion" for s is
s(t) = —pas(t)+ () . (32)

If Eq. (32) is multiplied by s(0) and averaged, one finds

d ~ - (33)
Tt<s(0)s(t:)>0 = -pa<s(0)s(t)>, , (£>0) .
The solution of Eg. (33) which sétisfies Eg. (31) is
<s(0) s(t)>, = —a%e'“” , (£50) . (34)

The calculation of J(s) 1is straightforward; from Eg. (21) one

finds

11




r2

1, 1
J(s)=e2 f se2 sds’=% : (42)

The Smoluchowski equation (13) thus is

T ¥
+ pKkp T’asf)

(36)

e BB )
a:s—

ot as[“L o ) }

From Eq. (36)fa simplefequationifor the7;§erage és(t)>? méy

be derived by application of the obvious'identity

d _
E<s(z:)> _f at(s t)ds . (37)

Substituting Eq. (36) into Eq. (37) one finds after partial

integrations

d
E<s(t)>

—pa<s(t) >, + Y—(&?)— . (38)

As usual it is assumed that the shear rate "field" y(t) is
introduced gradually in the distant past. The solution of Eqg.

(38) which vanishes as t--o , is
<s(t)>, = f_:j(—ofl)-e-"““-t’)dt’ : (39)
By means of Eq. (34) this may be rewrittén as
<s(t)>, = Bfow<s(0)s(r)>07(t—t)dt . (40)

Equation (40) is nothing but the prediction of linear response
theory (Eq. (5)). Thus, the Gaussian model is linear for all

displacements.

12



B. The Boxmodel

This model is defined by

0, ld<s.

The ﬁodel is named after the boxmodel in ‘elementary quantum

- mechanics; it should not be mixed up wifh the boxmodel dis-
tribution of relaxation times sometimesvused'in rheology [9].
Since there is a maximum value of the stress, the boxmodel must
exhibit shear thinning at large shear rates. To find the
'nonlihear viscosit?, n(y) , we need to determine first J(s)
In the present case Eg. (20) reduces to dJ/ds = -Bs . The
:solution of this equation, which satisfies the boundafy condi-

_ tions J(-so) = J(s,) =0 , is
B 2_42 '
J(s) = —z—(so—s ) . (42)
The ¢&-function of Eq. (23) thus becomes

®(s) = -2%-1—(3028—%53) : (43)

For a given shear rate ¥ , the stationéry solution of Eq. (13)

is clearly
P(s) = Nebi®(® | (dks;) (44)
where N 1is a normalization constant, and' P(s)=0 for Isl>s|
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. If the dimensionless shear rate

2.3
s B SO ' 45
- ] 'y* = ‘Y - )
B
_is introduced, one finds from Eq. (44)____ . .
I
1 Yy (=-—)
e T e
(8>, = 5, — : (46)
1 ‘?* ( > - r )
f e dt
-1

From this the nonlinear viscosity, n = <s>/y , is readily
evaluated. The fesult is shown in Fig. la and is not unlike
that seen in polymeric liquids. 1In the linear limit one finds,
by expanding Eq. (465 to first order in ¢", the shear rate
independent viscosity 17, given by

_gjiifii (47)

Mo = =95 -

The equilibrium dynamics is governed by the simple diffu-

sion equation (Eq. (11))

2
oP _ u &P , (48)
ot B 0s2
subject to the boundary condition
oP oP
—_lg=-9g = — {85=5 = O . 49)
35 ( o) aS( o) (

‘The eigenfunctions of this problem are cos[n7(s,-8)/(2s,) ]
(n=0,1,2,...) . From this one finds by standard methods [10]

that the equilibrium Green’s function is given by

14




ot'd

G,(s,s’;t) = 1. L e 9nfcos [A, (5,-5) 1cos [A,(s,-5) ]
. . 25, & s, .
. (50)
where
T Wazo
= n ’ (J.) = _'—'A- (n"l,z, « s . 51
» T2 On Tt e

It is now easy to derive an analytical expression for the
frequeﬁcy-dependent viscosity , n(eo) . Since the equilibrium.
probability distribution is P,(s)=1/(2s,) , the autocorre-

lation function becomes

(52)

<s(0)s(t)>, = [7° sts *ds’ s s’ G,(s,s'; t)
-So 0 "So .

- From Egs. (50) and (52) and the. fluctuation-dissipation theorem
(Eq. (4)), one finds

32Bs8 )

n?  o&dn n4(i(0+0)ﬂ)

(53)

N(w) =

In the zero-frequency limit Eqg. (53) reduces to Eqg. (47) via

the identity [11]

6
1,1, 1,z T . (54)
16 36 56 960 -
Figure 1b shows the real part of n(e) . The spectrum contains

infinitely many relaxation times but these are hardly visible,
being completely dominated by the fundamental frequency o, .

In effect, n(w) 1is almost indistinguishable from the predic-
tion of a simple Maxwell model where Re n(w) 1is proportional

to ©? for w-oo .

15



Only in the relaxation towards equilibrium from a strongly
non-equilibrium state do the higher harmonics give significant
contributions. If <s(t)>, donotes the average stress, given

the value s at t=0 , one has obvicusly

Relaxation frofi a state with probability distribution P(s) at

t=0 1is given by

<s(t)>, = [<s(t)> P(s!)ds’ . (56)

Two well-known examples are stress relaxation after cessation
of a steady'flow, and stress relakation after a sudden shear
displacement starting from equilibrium. In the first case, the
probability distribution P(s) is given by Eq. (44) at t=0
. In the latter case, after the sudden shear displacement

given by ¥(t)=yy,6(t) , it is possible to show that P(s) is

given by
2A 8 -
P(s) = 0 , A= e Prose 5
[(1+A) 5,-(1-Q) 5]?
In both cases P(s) is strongly peaked around s=s, . From
Egq. (50) we find
<s(t)>, = 2 —l?e'“’"tcos[kn'(so—s)] . (58)

So odd n )'n

This implies

16



s-<s(t)>, = 2 E —15 (1—e_°’"t) cos [A, ('so—s)']_

So oddn Aj .
(59)

The interpretation of Eg. (59) is as follows. Whenever t is

so large that A (s,~s)<<1 for all n with o t<1l , the cosine

factor may be ignored all together, and below a limiting n=b

. given by o t=1, the exponential may be expanded to first

172

order. Writing p=at’ one has

1
m_g_lzoct_z

s-<s(t)>4 = Const'.fpt dn + Const.
! p n?

(6:0)

At very short times the quantity s-<s(t)> is exponentially

" close to zero. Then comes according to Eq. (60) a range .of

times where this quantity increases like t'2 | and finally .it
converges to s . A similar result applies to relaxation from

a state with probability distribution P(s,t=0) , since

So

5, . (61)
<s(0)>P—<s(t)>P=f_ [s-<s(t)> ] P(s, t=0)ds .

If the width of ©P(s,t=0) , As , is defined by the integral of

P from s,-As to s; being 1/2 , it is not hard to show

0

that
= , <ty
<s(0)>,-<s(t)>, =4 = t¥?, t«tet, = (62)
: « <s(0)> , t,«t

where

17




t =£(As)2 , t ='£s2 . (63)
1 IJ' 2 u 4]

In the case of relaxation after a sudden cessation of a steady

shear f;ow,L,Ag_»isfgivgn by (comE§;ngqt_ngLl

Al . ‘
: SOB 7,
In the case?of a sudden large shear displacement, Yo + As is

given by (compare Eq. (57))
As = 25,8 Pt - (65)"

Note that, in both cases, the non-Debye character of the
relaxation is apparent only because we have considered the
quantity <s(0)>,-<s(t)>, . If one looks at just <s(t)>, ,
this quantity would be hard to distinguish from a simple

exponential decay in time.

C. The Cosine Hyperbolic Model

A phenomenological model for stress relaxation was pro-
posed by Tobolsky and coworkers in the 1940°s [3-5]. The model
is a Maxwell element consisting of a Hooke’'s law spring and a
non-Newtonian dashpot in series, the viscosity of the dashpot

obeying the Eyring viscosity equation. The model leads to

18



Y =As'+Bsinh(-Es—) , 4 (66)
i 0

;where A, B, and s, are constants. Equation (66) repro-
auces Eyring’s viscoéity equation and predicts a logarithmic
stress relaxation at constant extension: At large s(t=0) one
has approximately S=-Const. exp(s/s,) which implies at inter-

mediate times [4]

s(t) = a-Bln(t) . | (67)
‘Eoth predictions of Eg. (66) mimic experiment on typical
pélymeric liquids. The‘model, however, does not take into
account thermallfluctuations. The formalism developed in Sec.
2 allows one to construct a model based on Eq. (66j which is
consistent with statistical mechanics. Since relaxation
ﬁoWards equilibrium is governed by é=fConst. sinh(s/s,) , the
»bbvious choice for F(s) is |

Sy .

F(s) = f, cosh(—= | (68)
So

The Langevin equation corresponding to Eq. (68) is then

£ ‘
s = —u—;g—"—sinh(f—)+ E(t) . (69)
0 0

We now proceed to investigate this model, being particularly
interested in to which extent it reproduées the predictions of
Eq. (66).

First the nonlinear steady state viscosity is considered.
At low temperatures it is possible to derive an analytical

expression for the viscosity. The derivation is given here for

19



a general F(s) . If <s> denotes the average of s during a
steady shear flow, one has from Eq. (12) at low temperatures

where fluctuations are small-- - - -

dF

Y J(Ks>) = .—a—?(+<3>.-)- — e - (70)—

The quantity <s> is a function of .¥ . If the derivative of
this function is denoted by <s>', Eq.(70) implies by differen-

tiation

2
J+y£<s>’ - p9F

<s>! . (71)
ds ds?

Combining this with Eq. (20) leads to

J = <s>/ (72)

d?F
2

dF
_ {8>
(dJ s)

For p-o the term in the inner paranthesis must vanish. 1In

conjuction with Eq. (70) one finds

{8> = _(dTT(<S>)) ’ (73)
y\d
or for the viscosity
n = L <s> Y
TY ) (74)
K £(<S>)
das

For the cosh-model we thus have

20



= <s>/S, i | (75)
M= Mo sinh(<s>/s,)

where

S
1 =o (76)

is the linear viscosity. Perhaps surprisingly, one does not
recover the Eyring viscosity expression

<8>/s,

. (77)
® sinh(<s>/s,)

n=n

But, as is clear from Fig. 2, the cosh model viscosity may be
fitted'reasonably well by Eq. (77).

‘A Consider now relaxation towards equilibrium from a non-
equilibrium state s . At low temperatures J(s) ﬁay be found
éxplicitly from Eq. (21) which for p-x reduces to

s s/ s,

=. . (78)
J8) = F Sinh(s/s,)

When substituted into Egq. (12) this leads to, in the zero noise.

limit,

(79)

f, sinh(s/s,) , | f¢ sinh?(s/s,)
sZ s/ s, sl s/ s,

This looks nothing like Eq. (66). But again we find the
nonlinear viscosity given by Eq. (75). Furthermore, for

constant elongation, s relaxes according to

21




£
S = —u—S—OSil’lh(?s) ’
0 0]

as expected from Eq. (69).

A final correspondance 6f thé cosh-model to Tobolsky s~

pheﬁomehological model is the frequency-dependent viscosity.

As is the cqée for any d;ffefential QOnSt§tutive relaﬁion:[lj}

Eqg. (66) reduces to the Maxwell model in the linear limit. 1In
the cosh-model one might expect a more interesting frequency-
dependence, at least at high temperatures where the sinh-factor
of Eg. (69) cannot be replaced by a s?-factor. But it turns

out that, even at high temperatures, +the autocorrelation

function <s(0)s(t)>, 1is actually very close to an exponential
(which corresponds to the Maxwell model). What happens is that
the logarithmic s-relaxation of Eq. (80) , even at quite short

times, is killed by the s-diffusion due to the noise tern.

D. The Power=-law Model

As a final example we briefly discuss the power-law model

where

n

S0, (o) . (81)

—e

0

F(s) = £,

The fact that F(s) is non-analytical at s=0 is insignifi-

cant. The case n=2 1is the Gaussian model and the n-~w

22




-1imit is the box model.

The powef—law model makes sense only for n > 3/2 . To
prove this, the low temperature limit is considered. For g-w
J(s) may be evaluated asymptotically froﬁ Eg. (21). Writing

s'"-s"=ns"'(s'-s) , one gets

£,
N —B—‘;-ns”'l(s’—s)
J(s) = Bf ds’s’e %o x g (g71)1 = g2n
S .
(82)
Thus, whenever Yy is positive there is a "force" proportional

to g2™n

‘working to increase s . The "restoring force" from
the potential varies as s™' . This force mﬁst dominate at
large s 1in order to avoid s running off to infinity, thus
n-1 > 2-n or n > 3/2 . Mathematically, there is no normaliz-
able stationary state whenever n < 3/2 . The border case n =
3/2 leads to a model which is well-defined up to a certain
shear rate, above which _s runs off to infinity. This corre-
sponds to there being a phase transition at a definite shear
rate to é state of infinitely high viscosity.

| To estimate the viscosity we use Eq. (73) which implies

This implies

. - (84)

no=s/y <y

For 3/2 < n < 2 the model exhibits shear thickening , whereas
for 2 < n there is shear thinning. The case n = 2 gives a

shear rate independent viscosity, as shown already.
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4. DISCUSSION

The model of stress fluctuations considered in the present

paper involves several non-trivial assumptions. The liquid is

. —— ————regarded--as—divided into-*regions";—and correlations-between— --——

stress fluctuations of different regions are ignored completeQ

'ly. This is an assumption which is made for simplicity, but
which may very well be unrealiéfic sihce eIéstic forces are
long ranged. The region picture becomes even harder to justify
when a shear flow is considered. Such a flow deforms the
regions and thé picture can only be maintained whenever the
1ongeét correlation time is smaller than the inverse shear
rate.

The main result of the paper is the proof that, if equi-
librium stress fluctuations follow a Langevin equation, there
is only one possible stress dynamics in non-equilibrium which
is consistent with the principle of virtual work. Not only is
the non-linear response uniquely determined, but this is true
also for the stress fluctuations in non-equilibrium. Crucial
to this theorem is the assumption of a Langevin dynamics for
the stress. This is a phenomenological postulate, but it
should be emphasized that Langevin dynamics is the "canonical"
guess if one is to discuss dynamics purely from a knowledge of
equilibrium statistical mechanics. There simply is no other
way of estimating the dynamics from a knowledge of oniy the
equilibrium free energy F(s) . But, of course, this does not
garanty that the Langevin equation leads to correct results.

The assumption of a linear coupling of the shear rate
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"field" in Eg. (12) is not essential. 1In fact, it ié easy to
show that the principle of viftual work implies the coupling
must be linear. This is because the shear rate does not occur
in Eq. (16).

The formalism;developed may be generalized by replacing

the term "stress"f(which is the transverse momentum current) by

‘any other current. One thus has a method for predicting the

nonlinear .response from a knowledge of equilibrium current
fluctuations. The considering of currents as independent

degrees of freedom has become popular in recent years, being

‘the basis of extended irreversible thermodynamics [12]. The

approach of Sec. 2 may be regarded as a statistical mechanical
counterpart to extended irreversible thermodynamics.

To illustrate the formalism a few simpie models were
studied in Sec. 3. The Gaussian model leads to an éxactiy
linear response even at large shear rates, reducing simply to
the standard Maxwell model. The fact that the Gaussian model
ié linear is quite satisfactory, since a similar result is
valid in ordinary statistical mecﬁanics. Here; strictly
Gaussian equilibrium fluctuations of, e. g., the magnetization,
implies'a field independent susceptibility.
| A more interesting model is the boxmodel. It predicts a
nonlinear viscosity (simply because there is a maximum possible
stress), and a spectrum of relaxation times. 1In equilibrium
this spectrum is not really visible, however; the autocorre-
lation function <s(0)s(t)>, is approximately an expoﬁential,
ieading to almost a Maxwell type frequency-dependence of the

viscosity. Only in the relaxation from a strongly non-equilib-
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rrium state does ﬁhe spectrum play any significant role, and
even here the lowest eigenfrequency dominates the overall
-—pilcture. S
The cosh-model was constructed to mimic Tobolsky's

" “phenomenological model for stress felaxation.  Butalthough-the

zero noise relaxation equation is equal to Toboisky‘s (Eq.

4(56)), the predi;fions of the moaéi are not ident1;§1 to those
of Eq. (66). This is an excellent illustration ofla point made
by van Kampen [7] that, by adding a noise term to a

7phenomenological,mode1 of the form §=f(s) , some 6f the
properties of the equation are lost because of the noise. 1In
the case of the cosh-model, the properties are retained in a
gualitative sense, though. Thus, there is an Eyring-like
viscosity in the model (Fig. 2), and the frequency-dependence
of the phenomenological model and the model of Eg. (69) are
almost equal. The latter point may seem surprising, given the
fact that the cosh-model leads to a logarithmic relaxation
towards zero in the zero noise limit (which, as is well-known,
corresponds to a spectrum of relaxation times varying like 77

). However, just as in the boxmodel, the spectrum is not

significant in equilibrium where the noise term completely

dominates the autocorrelation function, resulting in an almost
exponential decay.
The cosh-model corresponds to an exponentially increasing

free energy F(s) . The case of F(s) increasing following a

power-law was also considered in Sec. 3. (The case of a loga-

rithmically increasing F(s) 1leads to an inconsistent model

where s runs off to infinity whenever ¥=0 .) The power-law
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model is consistent only for n>3/2, n=13/2 being a-

border case where the model makes sense for not too large shear
rates. Whenever 3/2 < n < 2 the model exhibits shear thick-

ening, whereas 2 < n corresponds to the experimentally more

common case of shear thinning. The case n 2 is the Gauss-
ian model, and the limit n -+ o 1is the boxmodel. A closer
analysis than given in Sec. 3 reveals that the shear thickening.
in the case 3/2 < n < 2 1is a consequence of one not having
J(s)~»0 as Isloo (while for 2 < n J(s)-0 as Isl-w ),

" Since J(s) may be interpreted as an s-dependent infinite
frequency shear mbdulus, the study of the power-law model leads
to a pefhaps néw view on the origin of nonlinearity: Non-

linearity may be viewed as a consequence of a stress dependent

G. . The case when G

© -]

increases with shear rate correspopds
to shear thickening while a decreasing G, (i. e., softening)
correéponds to shear thinning. The Gaussian linear cése n = 2
cqrresponds to a shear rate independent G, . -- A final thing
to be noted about the power-law model is that, in the zero
noise limit, this model has a power-law time dependence of the
étress relaxation, as is éasy to show.

The predictions of the models are approximately on the
level of differential constitutive relations: these have
realistic nonlinear steady state viscosities but only a simple
Maxwell frequency-dependence ofvthe viscosity [1]. Compared to
differential constitutive relations, the presently considered
models have the advantage of being consistent with statistical
mechanics. Thus, the method presented may be regarded as a

means of modifying differential constitutive relations to
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include thermal fluctuations. The modification, however, is
nontrivial in the sense that the differential consitutive
relation is not recovered exactly in the low temperature limit,

as shown in detail for the cosh model.

" Several important features of polymeric liquids are mot T
mimiced by the models of Seé, 3. The predicted almost single
réiax;tioh time frequené;-dépenaenqé oé thé viscoéity;is very
far from that obéerved in polymeric liéuidé. Anoﬁher importént
point which is not captured by the models is the fact that,
experimentally, non-linearity sets in at a shear rate about
equal to the frequency marking the onset of frequency-depend-
ence of the viscosity [1,13]). Finally, the temperature-depend-
ence of the viscosity is weak and there is a well-defined
viscosity in the zero temperature limit. While this last point
could be handled by assuming the mobility u is temperature-
dependent, the two other points are quite serious, indeed. A
further, perhaps more esoteric objection, is the fact that in
the present model there is time-reversibility in a steady shear
flow: The steady flow Langevin equation obeys detailed balance
for a suitably chosen energy function (compare Eq. (26)). In a
real flow one expects a genuine violation of time-reversibil-
ity.

In conclusion, the types of models studied in Sec. 3 are
not satisfactory as models of reality. To arrive at more
realistic models one has to consider several stress coordinates
interacting with each others, for instance by taking into
account the spatial variation of the stress. This leads to a

field theory in which the free energy is a functional of the
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-stress field. 1If this function has several minima, the Lange-
vin dyhamics gives thermally activated relxation times (just
like in the description of chemical reactions), and thereby
more realistic temperature- and frequency-dependences. Also,
it may be.shown that in a model with more than one degree of
freedom there is genuine time-irreversibility in any shéar

flow. Work along these lines is in progress.
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FIGURE CAPTIONS

Fig. 1: Boxmodel predictions for the viscosity. Fig. la
éhows a log-log plot of the viscosity relative to the linear
viscosity, as function of the dimensionless shear rate given by
Eq. (45). At large shear rates the viscosity varies as one
Abver the shéar rate; this is a consequence of there being a
maximum possible stress in the model. Fig. 1b shows a log-log
plot of the real éart of the frequency-dependent viscosity

. relative to the zéro frequency viscostity, as'function of the
diﬁensionless frequency /0, . Despite the fact that the
model has infinitely many relaxation times, the longest
relaxation time dominates the frequency-dependence completely.
In éffeét, the frequency-dependence is almost indistinguishable
ffoﬁ that of a standard Maxwell model where the real part of
the viscosity varies as % at large frequencies.

Fig. 2: ‘ Log-log plot of the steady state nonlinear viscosity
of the cosh-model. The nonlinear viscosity is shown relative
ﬁo the linear viscosity, as function of the dimensionless shear
rate ?/(syhh) . The nonlinear viscosity of the cosh-model is

not identical to the Eyring viscosity of Eq. (77) (marked by

dots) .
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